
Contents

Contents i

List of figures iii
Recent exercises, developed after publication, for Statistical

Mechanics: Entropy, Order Parameters, and Complex-
ity, Second Edition, James P. Sethna, Oxford University
Press, 2021. 1

Exercises 1
N1.1 Entropy and currents 1
N1.2 First-digit law and priors 1
N1.3 Accelerators vs. ergodicity 2
N1.4 Bosons in two states 3
N1.5 Beer and bubble nucleation 3
N1.6 Beer foam and coarsening 5
N1.7 Beer and rigidity: Jamming 6
N1.8 Where is the antimatter? 9
N1.9 Chiral waves: Fourier and Green 12
N1.10 Taste & smell with ensembles 12
N1.11 Entropy of MastermindTM 13
N1.12 Interpolation and free energies 15
N1.13 Convexity and phase separation 17
N1.14 Spinodals vs. Nucleation 18
N1.15 Cell signaling and mutual information 19
N1.16 Emittance and particle beams 22
N1.17 Nonabelian defects 25
N1.18 Light proton tunneling 28
N1.19 Supersymmetric harmonic oscillator 29
N1.20 Beer 32

References 33





List of figures

N1.1 Fraction of first digits 1
2 4 6 8

0.1

0.2

0.3

Pr
ob

ab
ilit

y

NIST constants: first non-zero digit
Probabilities
log10(1 + 1/d)

N1.2 Orbit of particle around synchrotron 2 (      , p    )n+1

θ(   , p )n n

θ
θ = 0, 2π, 4π...

n+1

N1.3 Trajectories at K = 0.2 2
2π

p

0

2π

0 θ

Standard Map K=0.2

N1.4 Foam scaling 5 4.5000    5.7500    9.7500   15.7500

t = 167 mins

3 mm

t = 848 mins t = 167 Expanded

N1.5 2D Bubble geometry 5 c

θ
R

π/3

N1.6 A head of beer 6
N1.7 Rigidity and Maxwell constraint counting 7

Right-leaning Left-leaning

Soliton(c)

(a)

✓̄

a

r

l̄✓̄

(b)

(d)

N1.8 Force densities and tractions 7
(b)

x

(a)

f

yT

T

N1.9 Electroweak transition wall 10
v

x

Unbroken

Our world

Broken

N1.10Boundary conditions at electroweak wall 11
N1.11Receptor binding 12

Tongue
Tongue

Receptor
Flavor Flavor

N1.12MastermindTM 13 K
ey
P
eg
R
esponses

C
od
eb
re
ak
er
G
ue
ss
es

Hidden Code

N1.13Breaker uncertainty 15
0.0 0.1 0.2 0.3 0.4 0.5

BBB probability p
0.0

0.5

1.0

1.5

En
tro

py

SBBB

SBBO

N1.14Interpolations 16
xn xn + 1 xn + 2

sin
(x

) a
nd

 in
te

rp
ol

at
io

ns

sin(x)
known points
linear interp.
quad interp.
linear error

N1.15Pressure vs. volume 17
50 100 150 200 250 300

0

5.0×107

1.0×108

1.5×108

2.0×108

Volume per mole (cm^3)

P
re
ss
ur
e
(d
yn
es

/c
m
^2

)

N1.16Chemical potential µ vs. density ρ 18
0.000 0.005 0.010 0.015 0.020 0.025 0.030

-9.14

-9.12

-9.10

-9.08

-9.06

-9.04

-9.02

-9.00

Density (moles/cm^3)

C
he
m
ic
al
po
te
nt
ia
l(
10
^-
13
er
g/
m
ol
ec
ul
e)

N1.17Volume vs. pressure 18
α

β

γ

δ

ϵ

ζ
η

0 50 100 150 200 250 300
0

5.0×107

1.0×108

1.5×108

2.0×108

Volume per mole (cm^3)

P
re
ss
ur
e
(d
yn
es

/c
m
^2

)

N1.18Chemical potential vs. density 18
d

e

0.000 0.005 0.010 0.015 0.020 0.025 0.030

-9.15

-9.10

-9.05

-9.00

-8.95

Density (moles/cm^3)

C
h
e
m
ic
a
l
p
o
te
n
ti
a
l
(1
0
^
-
1
3
e
rg
/m
o
le
c
u
le
)

f

g

h

0.000 0.005 0.010 0.015 0.020 0.025 0.030

-9.15

-9.10

-9.05

-9.00

-8.95

Density (moles/cm^3)

C
h
e
m
ic
a
l
p
o
te
n
ti
a
l
(1
0
^
-
1
3
e
rg
/m
o
le
c
u
le
)

i

j

0.000 0.005 0.010 0.015 0.020 0.025 0.030

-9.15

-9.10

-9.05

-9.00

-8.95

Density (moles/cm^3)

C
h
e
m
ic
a
l
p
o
te
n
ti
a
l
(1
0
^
-
1
3
e
rg
/m
o
le
c
u
le
)

a

b

c

0.000 0.005 0.010 0.015 0.020 0.025 0.030

-9.15

-9.10

-9.05

-9.00

-8.95

Density (moles/cm^3)

C
h
e
m
ic
a
l
p
o
te
n
ti
a
l
(1
0
^
-
1
3
e
rg
/m
o
le
c
u
le
)

(D)

(A) (B)

(C)

N1.19Spinodal and two-phase regions 19
κ λ μ

0.000 0.005 0.010 0.015 0.020 0.025 0.030

300

400

500

600

Density (moles/cm^3)

Te
m
pe
ra
tu
re

(K
)

Two-phase

Spinodal

N1.20The simplest cellular signaling circuit 20

HATHCOCK et al.: NOISE FILTERING AND PREDICTION IN BIOLOGICAL SIGNALING NETWORKS 19

Fig. 1. Schematic diagram of a cellular signaling pathway, like the MAPK
cascade in eukaryotes. An environmental signal (a time-varying concentration
of extracellular ligands) is propagated through membrane receptors into pop-
ulations of activated kinase proteins. Each active kinase is turned on through
phosphorylation reactions catalyzed by a receptor or kinase protein in the level
above, and turned off through dephosphorylation catalyzed by a phosphatase
protein. Since an active kinase can phosphorylate many downstream substrates
before it is deactivated, the signal is amplified as it passes from level to level.
However, because the enzymatic reactions are inherently stochastic, noise is
introduced along with the amplification.

can increase from level to level, for example in a ratio like
1:3:6 seen a type of fibroblast [33]. In addition to acting like
an amplifier, a multi-stage cascade can also facilitate more
complex signaling pathway topologies, for example crosstalk
by multiple pathways sharing common signaling intermedi-
ates [34], or negative feedback from downstream species on
upstream components [33].

Let us focus for simplicity on a single stage of the cascade,
for example between the active kinase species X and Y shown
in Fig. 1. Along with amplification, there is inevitably some
degree of signal degradation due to the stochastic nature of the
chemical reactions involved in the push-pull loop [35], [36].
We can use the formalism of Section II-A to quantify both the
fidelity of the transduced signal and the degree of amplifica-
tion. Let us assume the signal is a stationary time series and
hence the kinase populations (in their active forms) have time
trajectories x(t) and y(t) that fluctuate around mean values x̄
and ȳ. If !x(t) = x(t)! x̄ and !y(t) = y(t)! ȳ are the deviations
from the mean, the joint stationary probability distribution
P (!x(t), !y(t)) allows us to measure the quality of information
transmission from X to Y in terms of the mutual information
I(!x; !y) defined in Eq. (4). Optimization means tuning system
parameters (for example enzymatic reaction constants or mean
total substrate / phosphatase concentrations) such that I(!x; !y)
is maximized. As described in the previous section, the tuning

is constrained to a subset of system parameters. We fix the
properties of the input signal and the added noise due to the
enzymatic loop (in the form of the associated power spectra
Pss, Pcs, and Pcc), and only vary the remaining parameters.
Let us partition the total set of system parameters into two
parts: the set " which determines the input and noise, and
the remainder #. We will identify these sets on a case-by-
case basis. Optimization is then seeking the maximal mutual
information over the parameter space #:

Imax(!x; !y) = max#I(!x; !y). (10)

This formulation means that we are assuming the input sig-
nal (which ultimately arises from some external environmental
fluctuations) is given, but we also fix the degree of noise cor-
rupting the signal. In changing #, we are looking for the best
way to filter out this given noise for the given input signal.
The result, Imax, will depend on the input/noise parameters
" and we can then explore what aspects of " determine
Imax: are there particular features of the input signal (or noise
corruption) that make Imax higher or lower?

This optimization problem becomes significantly easier
if P (!x, !y) has the bivariate Gaussian form of Eq. (5),
which arises if the underlying dynamical system obeys lin-
ear Langevin equations, as mentioned earlier. The continuous
population approximation, which is a necessary prerequisite of
the Langevin description, is typically valid in signaling cas-
cades, where molecular populations are large. Linearization
of the Langevin equations can be validated by comparison to
exact numerical simulations of the nonlinear system [9]. If the
approximation is valid, maximizing I(!x; !y) becomes mathe-
matically equivalent to minimizing the scale-independent error
E of Eq. (3), since I = !(1/2) log2 E. To make the connec-
tion with the signal s(t) and estimate s̃(t) explicit, let us define
s(t) " G!x(t), and s̃(t) " !y(t), where

G " #!y2(t)$
#!y(t)!x(t)$ . (11)

This allows Eq. (3) to be rewritten as:

E = 1 ! #s̃(t)s(t)$2

#s2(t)$#s̃2(t)$ = 1 ! #!y(t)!x(t)$2

#!x2(t)$#!y2(t)$
= minA$(!x(t), A!y(t)) = minÃ$

!
Ã!x(t), !y(t)

"
, (12)

where Ã = A!1, and the last equality follows from the defini-
tion of $ in Eq. (1). Thus G in Eq. (11) is precisely the value
of Ã that minimizes $(Ã!x(t), !y(t)). In other words we can
interpret G as the amplification factor (or gain [31]) between
the deviations !x(t) and !y(t). One would have to multiply
!x(t) by a factor G in order for the amplitude of the scaled
fluctuations G!x(t) to roughly match the amplitude of !y(t).
The gain G is in general distinct from the ratio of the means,
ȳ/x̄, which could be used as another measure of amplifica-
tion. Note that G and E are defined through Eqs. (11)-(12)
for any !x(t) and !y(t), whether or not the mutual information
I(!x; !y) is optimal. When we tune the system parameters #

such that I reaches its maximum Imax, the quantities G and E
will have specific values. In the examples below, optimality
will either exactly or to an excellent approximation coincide
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Exercises 1

Recent exercises, developed after publication, for Statistical
Mechanics: Entropy, Order Parameters, and Complexity, Sec-
ond Edition, James P. Sethna, Oxford University Press, 2021.

Exercises

(N1.1) Entropy and currents. ⃝p
Consider a locally conserved density ρ(x, t) in
an isolated one-dimensional system with a cur-
rent J(x, t). Imagine that the system has a
complicated diffusion constant, with strong den-
sity dependence and also dependent on posi-
tion, so J(x, t) may not be simply related to
ρ. Imagine, however, that the internal energy
is not important in the system, so entropy S =
−kB

∫
ρ log ρ dx must increase with time. Are

there conditions on J(x, t) which would guaran-
tee this?
Show that the entropy will increase with time if
J(x, t) is in the direction of decreasing ρ. (This
is closely related to Exercise 5.10; again, you will
need to integrate by parts. You may assume
J(x) and ρ(x) go to zero as x→ ±∞.)

(N1.2) First-digit law and priors. (Statistics) ⃝p
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NIST constants: first non-zero digit
Probabilities
log10(1 + 1/d)

Fig. N1.1 Fraction of first digits for 354 funda-
mental physical constants. (2019 CODATA interna-
tionally recommended values [1]).

Bayesian statistics, like statistical mechanics,
incorporates known experimental results into a
probabilistic prediction for the behavior of the

system in the future (see Exercise 6.14). In
statistical mechanics, if we only know the en-
ergy of a system then Liouville’s theorem tells
us that all points in the energy shell are equally
likely a priori. In Bayesian statistics, they have
no theorem like Liouville’s, so they need to as-
sume a prior. For example, if you want to esti-
mate a time constant τ for a chemical reaction
(which can range from nanoseconds to years),
you might want a prior Pτ (τ) that gives equal
weight to each decade: finding τ in the range
(10−9, 10−8) seconds is equally plausible as find-
ing τ in the range (105, 106) seconds.
Show that Pτ (τ) ∝ 1/τ has this reasonable prop-
erty. Show that this choice also makes the de-
cay rates Γ = 1/τ have this same nice property:
PΓ(Γ) ∝ 1/Γ. (Hint: If τ lies in a small range
∆τ , then Γ will lie in a corresponding small
range ∆Γ, so PΓ(Γ)|∆Γ| = Pτ (τ)|∆τ |.) Show
that this distribution predicts that the first non-
zero decimal digit d of τ will have probability
log10(1+ 1/d) (Fig. N1.1). (Hint: Do it assum-
ing τ lies in one decade first.) Show your steps.
(Note: Feel free to consult the extensive discus-
sions on the Web.)
Simon Newcomb, using a book of logarithms
in 18811 discovered this by noticing that the
pages in the beginning (1.000001, 1.000002, . . . )
were dirtier than the ones at the end (9.000001,
9.000002, . . . ). Frank Benford fleshed this out
in 1938, showing that areas of rivers, molecular
weights of compounds, and physical constants
like the proton mass, Planck length, and Avo-
gadro’s constant (Fig. N1.1) also obey this law.

1Before calculators, people used printed books of logarithms, which allow one to multiply and divide quickly.
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(N1.3) Accelerators vs. ergodicity.2 (Accelerator,
Mathematics, Computation, Dynamical sys-
tems) ⃝3

(      , p    )n+1

θ(   , p )n n

θ
θ = 0, 2π, 4π...

n+1

Fig. N1.2 Orbit of particle around syn-
chrotron. Dashed line shows the intended center
of the beam; solid line the trajectory of a particu-
lar particle. The particle oscillates around the center
with a phase θ and an amplitude proportional to

√
p,

with anharmonicity determined by K. The standard
map is a Poincaré section; it tells one what θ and
p will be as the particle next crosses the horizontal
axis along the red line.

Synchrotrons push charged particles around cir-
cular orbits at near the speed of light, stably
over billions of orbits (Fig. N1.2). Why haven’t
the nonlinear fields used to steer the particles
kicked them out of the beam? Like the cat map
in Exercise 5.8 and the three-body problem of
Exercise 4.4, physicists distill the dynamics us-
ing a Poincaré section into a two-dimensional
area-preserving nonlinear map. The classic ex-
ample, due to Chirikov, is the so-called standard
map

θn+1 = θn + pn+1 = θn + pn +K sin(θn)

pn+1 = pn +K sin(θn).
(N1.1)

Here p is proportional to the squared ampli-
tude of the deviation from center of beam and
θ represents the phase of the oscillation around
that center (Figure N1.2). Large K represents
a strong nonlinearity in the fields. For plotting,
we shall take θ mod 2π, and occasionally also p
mod 2π.
We remember from Exercise 5.8 that area-
preserving maps mimic the volume-preservation
in phase space guaranteed by Liouville’s theo-
rem.

(a) Show that the standard map (eqn N1.1) pre-
serves area, by showing that its Jacobian has de-
terminant one.
(b) Iterate the standard map a few thousand
times for K = 4, starting with (θ0, p0) =
(0.1, 0.11) (chosen arbitrarily), and plot pn ver-
sus n for a thousand points n. (For this part,
do not take p mod 2π). Does the amplitude of
the particle oscillations around the beam path
(as measured by p) remain bounded in ampli-
tude as n gets large? Would designing an ac-
celerator with this large an anharmonicity be a
good idea?
The situation changes for smaller anharmonic-
ity.

2π

p

0

2π

0 θ

Standard Map K=0.2

Fig. N1.3 Trajectories at K = 0.2 for a variety
of initial conditions.

(c) Implement the standard map graphically, so
that you can interactively select a variety of ini-
tial conditions and run each for a few thousand
steps to explore the trajectories, using mod(2π)
for θ but not for p. Check that you get tra-
jectories for K = 0.2 that are compatible with
those shown in Fig. N1.3. Plot the behavior for
K = 0.7, selecting a variety of initial condi-
tions. Be sure to illustrate “oval” KAM3 tori
around stable periodic orbits, “horizontal” KAM
tori that span from θ = 0 to 2π, and chaotic
regions. (Remember that your trajectory is a
cross section once per orbit around the acceler-
ator. So a closed curve becomes a tube, which

2Hints for the computations can be found at the book website [19].
3KAM stands for Kolmogorov, Arnol’d, and Moser, who proved that tori survive for certain irrational winding numbers; see
part (e).



Exercises 3

mathematically is called a torus.) Explore ini-
tial conditions spanning p ∈ (0, 2π). Do the
trajectories stay bounded in p? Which keeps p
from growing indefinitely – the oval or horizon-
tal tori? Keeping the magnets close to the beam
is best – until the beam starts hitting the mag-
nets. The coordinate p is related to the squared
maximum deviation of the particle from the de-
signed beam center. Based on your plot, what
range ∆p would you use to set the magnet posi-
tions for an accelerator at K = 0.7?
The equilibrium state predicted from statisti-
cal mechanics would fill all of phase space uni-
formly. The map at K = 0.7 is not ergodic.
In Section 4.2 we defined a map (or time evolu-
tion) to be ergodic if and only if all the ergodic
components of the space either have zero vol-
ume or have a volume equal to the space. Here
ergodic components were sets R that remain in-
variant under the map (so if (θ0, p0) is in R then
(θn, pn) is also in R).
(d) Identify a few ergodic components in your
plot of K = 0.7 in part (c). Are the KAM
tori ergodic components? Do they have non-zero
volume? Do they surround ergodic components
with non-zero volume? Does the chaotic regions
surrounding θ ≈ p ≈ 0 appear to be an ergodic
component with non-zero volume?
(e) Alter your standard map to also take
p mod 2π, to keep the motion bounded.4 Plot
and examine carefully the time evolution at K =
4. Do all initial conditions fill out the entire vol-
ume? If not, describe ergodic components that
neither have zero volume nor fill the square.
We define the winding number of a particle tra-
jectory as the average number of oscillations
θ/2π per iteration of the map. The KAM the-
orem tells us that the tori whose winding num-
bers are difficult to approximate by rationals are
the most stable.
(f) What is the winding number at K = 0, for a
trajectory starting at initial condition (θ0, p0)?
Write a routine to approximate the winding
number for K = 0.7 and θ = π, and plot it for
0 < p < 2π. By examining your plot of the dif-
ferent trajectories for K = 0.7 from part (c), ex-
plain the plateaus you observe at rational wind-
ing numbers.
The last “horizontal” KAM torus for the stan-
dard map is destroyed by the nonlinearity

at Kc = 0.971635 . . . . Its winding number
is the inverse Golden Mean, (

√
5 − 1)/2 =

0.618033 . . . , which is the most irrational num-
ber – the number hardest to approximate by
ratios of small integers. This transition is as-
sociated with self-similar behavior and scaling,
and has been studied using the renormalization
group methods we study in Chapter 12.

(N1.4) Bosons in two states. (Quantum) ⃝3
(a) Consider three noninteracting identical
bosons in a system with two single-particle en-
ergy eigenstates at energies E0 = 0 and E1 = ϵ
at temperature T . Give a formula for the par-
tition function Z and the expected number of
bosons ⟨n⟩ in the excited state E1, as a sum over
states.
(b) What would your answer be for ⟨n⟩ if there
were an infinite number of bosons distributed be-
tween the two levels? What is the expected num-
ber of bosons in the upper state at temperature
kBT = 10ϵ? (Hint: How does your answer re-
late to the thermal occupation probabilities for
harmonic oscillator eigenstates?)
We treat the excitations of harmonic oscillators
as particles (phonons and photons) because they
act like noninteracting bosons (see Exercise 7.2).
Each harmonic oscillator acts like a different
single-particle eigenstate, for a grand canonical
ensemble of bosonic photons with chemical po-
tential zero. The nth harmonic excitation is n
photons occupying the state. Our lower level
here can be viewed as a particle analogy of the
heat bath; the heat bath sets the temperature,
our lower level sets the chemical potential.
(c) Now consider a system with 1000 distin-
guishable, noninteracting particles that can each
occupy the same two states, E0 = 0 and E1 =
ϵ. What is the expected number of distinguish-
able particles in the upper state at temperature
kBT = 10ϵ? Discuss how and why the behavior
of bosons and distinguishable particles are dif-
ferent in this exercise.
(d) Are the bosons in part (b) forming a Bose–
Einstein condensate?

(N1.5) Beer and bubble nucleation. ⃝3
A glass of beer illustrates many aspects of sta-
tistical mechanics. The head of foam at the top
of the beer exhibits rigidity like a solid (Exer-
cise N1.7), and the foam coarsens with time (Ex-
ercise N1.6). In this exercise, we shall study the

4Note that your map of K = 0.7 in part (c) is periodic in p with period 2π, so this makes sense.
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phase transitions triggered when one opens the
bottle. You may wish to experiment with a bot-
tle or can of beer or soda.
We shall model beer and soda, for the purposes
of this exercise, as a phase consisting of car-
bon dioxide and water. When one opens the
bottle, the absolute pressure drops from around
Pbeer ∼ 200 kPa (depending on the beer), to at-
mospheric pressure Patm ≈ 100 kPa. The sol-
ubility of CO2 at 0C in water at atmospheric
pressure is about 1.8 cm3 CO2 per gram of wa-
ter [10]. Note that there is a small amount of
gas above the beer. Henry’s law tells us that
the number of dissolved CO2 molecules is pro-
portional to its partial pressure in the gas.5 H2O
at 0C has a partial pressure of 0.6 kPa, so we as-
sume that the pressure in the gas atop the beer
bottle is almost completely due to CO2.
When you pour a glass of beer, much of the vol-
ume is filled with foam. Bartenders will pour off
the foam to give you a full glass of liquid. As-
sume the carbonated liquid starts at Pbeer, and
ignore the volume change in the liquid as the
pressure drops and the gas separates. Assume
the two form a closed system.
(a) As the pressure drops and the liquid sepa-
rates from the vapor, what fraction of the vol-
ume in the system at the new equilibrium is gas?
Does that correspond qualitatively to your obser-
vations? (Note that cold beer may need to be
shaken considerably to extract all of the gas.)
Let xCO2 be the fraction of the molecules in the
liquid that are CO2 molecules. Henry’s law for
our system can be written

PCO2 = KxCO2 , (N1.2)

with Henry’s constant K ≈ 70MPa at 0C (ice-
cold beer) [6].
(b) Compare the solubility determined from
Henry’s constant to the quoted solubility
1.8 cm3/gram.
We shall use X to denote the fraction of CO2

molecules in the entire system: the total number
of CO2 molecules (both dissolved and in vapor),
divided by the total number of molecules includ-
ing the water (both liquid and vapor). Hence
x = X if the CO2 is entirely dissolved in the
liquid.
The vapor pressure of water at T = 0C is

∼ 0.6 kPa, independent of the pressure and
roughly independent of the amount of CO2 dis-
solved. CO2 is a gas at all pressures of interest,
and both gases are well-approximated as ideal
gases of molecules. Let us draw the P–X phase
diagram.
(c) Use Henry’s law to determine the total pres-
sure (vapor pressure of water plus CO2 partial
pressure) at which the liquid beer begins to co-
exist with the vapor. Find the pressure at low
pressures and high CO2 molar fraction X at
which the liquid disappears (the gas begins to
coexist with the liquid). Draw the P–X phase
diagram for the H2O/CO2 system at T = 0C,
for P ∈ (0, 400) kPa and X ∈ (0, 0.01), and in-
clude a line connecting the beer initial and final
pressures.6 Draw the phase diagram again for
P ∈ (0, 10) kPa and X ∈ (0, 1) to illustrate the
other side of the coexistence curve. In both dia-
grams, indicate the liquid phase, the gas phase,
and the two-phase coexistence region.
It is apparent that the phase separation in beer
is nucleated through the formation of bubbles
of gas. Let us calculate the nucleation rate of
a spherical bubble. The surface tension of wa-
ter in contact with air is σ ∼ 7.56N/m at 0C.
The prefactor Γ0 for the Arrhenius rate (called
“prefactors” in eqn 11.11) may be roughly es-
timated [3, 5] as Γ0 = 4 × 1041 m−3 s−1, cor-
responding to a physically sensible prefactor
≈ 1013/s of the number of attempts to form a
critical droplet centered at each water molecule
in the cubic meter.
(d) What is the pressure energy gained by form-
ing a bubble of radius R? What is the surface
tension energy cost? What is the radius of the
critical bubble? What is the nucleation barrier
for generating a bubble in the bulk of the beer
(homogeneous nucleation)? Would you plan to
wait until a bubble forms when you open a half-
liter bottle of beer?
Water has an unusually large surface tension,
and our calculation clearly shows that homo-
geneous nucleation cannot occur. Even for ex-
tremely clean liquids with low surface tension
(like liquid helium), homogeneous nucleation al-
most always is unimportant compared to nucle-
ation on surfaces, dust particles, dislocation tan-

5The pressure of a gas mixture in the ideal gas approximation is the sum of the partial pressures contributed by each constituent.
6Let X be determined by the liquid portion of the beer; assume the small amount of gas at the top escaped when we open the
bottle.
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gles, scratches on surfaces, etc. Many of your
beer bubbles probably form on small flaws on
the glass surface. If your glass of beer has not
gone flat yet, see if you notice a chain of bubbles
all emitting from the same spot on the glass.

(N1.6) Beer foam and coarsening.7 ⃝3
Pour a beer. Note that the bubbles rise to the
top under gravity, and form a foam—the “head”
of a beer. (If you do not have a beer handy,
soap suds or shampoo bubbles will work as well.)
As time goes on, the bubbles in the foam will
grow larger, as the big bubbles absorb the little
ones. This is loosely reminiscent of the coars-
ening seen after abrupt phase transitions (Sec-
tion 11.4.1).
There are two major mechanisms for this coars-
ening: the popping of the walls between bub-
bles as they grow thin, and the diffusion of gas
between bubble walls. Which is more impor-
tant can be controlled through changing the
composition of the fluid. In this exercise, we
shall study a theory of bubble coarsening via
diffusion, following a classic analysis in two di-
mension by von Neumann [20] and Mullins [15]
(see [13]).
The bubbles near the top of the beer are dry;
they have thin walls separating relatively large
bubbles. In a “two-dimensional” experiment
with thickness much smaller than the bubbles,
these walls form a network of curves connecting
nodes where three bubbles touch (Fig. N1.4).
These walls move to balance the forces on them,
on a time scale much faster than the diffusion of
gases between bubbles that drive the coarsening
we study.

4.5000    5.7500    9.7500   15.7500

t = 167 mins

3 mm

t = 848 mins t = 167 Expanded

Fig. N1.4 Foam scaling. Two snapshots of a
simulated 2D foam, coarsening by diffusion, with
elapsed time t in minutes, and a rescaled version

of the early time snapshot (graciously provided by
Anthony Chieco and Douglas Durian). Note that
the patterns look statistically similar, apart from an
overall growth in the size of the bubbles.

Let us first examine the structure of the force-
balanced configurations. Let the line tension
(energy per unit length) of the walls be λ, and
assume the energy per node is negligible.
(a) Draw a free body diagram for the forces on a
node at a three-wall intersection. (Nodes where
more than three bubbles meet are non-generic.
That is, any tiny perturbation will split them
into three-fold intersections.) What force will
each wall exert on the node? Show that the three
walls must intersect at 120◦ angles.
Each bubble will be filled with a gas of a certain
pressure. The pressure difference ∆P across
a wall determines its radius of curvature R =
Λ/∆P .
(b) Determine the constant Λ in terms of the
wall tension λ.

c

θ
R

π/3

Fig. N1.5 2D Bubble geometry. A thin-walled
bubble with five neighbors, whose walls are arcs
of circles of angle θi, radii Ri, and arc length ci.
The bubble walls meet at nodes, forming angles of
2π/3 = 120◦ (red dashed lines). The local tan-
gent vector to the bubble perimeter winds by 2π
as one circles the bubble (black arrows), but jumps
by π/3 = 60◦ every time it passes a node. It rotates
by the opening angle θ during the arc ci for each
bubble.

7Thanks to Douglas Durian for helpful consultations and Fig. N1.4.
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Hence a thin-walled bubble with n neighbors
with pressure changes ∆Pi will be formed by n
circular arcs of radii Ri ∝ 1/∆Pi connecting the
nodes where walls meet. As one might imagine,
the rate of gas diffusion through the wall per
unit length is given by a constant µ times the
pressure drop ∆P . So

dAn/dt = µ

n∑
i=1

∆Pici (N1.3)

where ci is the arc length of the corresponding
wall (Fig. N1.5).
John von Neumann, known for his work in com-
puter science and game theory, deduced a law
for the size evolution of two-dimensional do-
mains [20] like our bubbles. The area An of
a domain with n neighbors will vary as

dAn/dt = K0(n− 6) (N1.4)

The bubbles with only a few neighbors vanish.
But the average number of neighbors should
stay around six (which you can show using Eu-
ler’s theorem about faces, edges, and nodes).
(c) Find a video of this coarsening process, such
as that in Ref. [11]. Identify a bubble with six
neighbors. Does it stay roughly the same size?
When it adds / subtracts a neighbor, does it start
growing / shrinking as expected? Identify a bub-
ble with more than six neighbors at early times,
and follow its evolution. Does it die? (If not,
start again with a second many-neighbored bub-
ble. Most bubbles should eventually disappear,
since so few survive.) Does the number of neigh-
bors of your bubble fluctuate both up and down?
What was von Neumann’s argument? It was
purely geometrical.
(d) Show that ∆Pici = Λθi, where θi is the angle
between the tangents to the ith boundary at the
nodes on either end as shown in Fig. N1.5 (neg-
ative for convex boundaries ‘bulging out’, posi-
tive for concave boundaries). Noticing that the
tangent vector jumps by π/3 = 60◦ at each node
(Fig. N1.5) and that the tangent vector must ro-
tate by 2π as it winds around the bubble, derive
von Neumann’s law (eqn N1.4). What is K0 in
terms of µ and Λ?
For non-conserved order parameters, we saw
in Section 11.4.1 that the typical length scale
L(t) ∼ tβ with β = 1/2. For conserved order
parameters, where the particles or spins must

diffuse over a length scale L(t) to rearrange the
structure, we found β = 1/3.
What is β for 2D dry foams? In Section 11.4.1,
we argued qualitatively that if droplets or fea-
tures of size L disappear in a time t ∝ L1/β ,
then the typical size of the surviving features
will grow as L ∼ tβ . In the next part, you can
give an analogous argument for foams.
(e) In part (c), you found that the number of
neighbors of a droplet changed in a complicated
way with time. For simplicity, let us consider
a droplet with a constant number of neighbors
n, which at t = 0 has area A0. Write a for-
mula for A(t). At what time t0 does A(t) van-
ish? What happens to t0 for n > 6? If we define
L(t) =

√
A(t), write L(t) = C(n)|t−t0|β. What

is C(n)? Does β depend on the number of sides
n?
See also Exercise N1.5, which studies the bub-
ble formation in beer, and Exercise N1.7, which
studies the transition from liquid beer to rigid
foam . . .

(N1.7) Beer and rigidity: Jamming.8 ⃝3
Beer is a liquid: the bubbles in the beer do not
prevent it from pouring. But the head of a beer
(the frothy foam on the top of the beer where
the bubbles accumulate) is rigid. The foam is
a random packing of bubbles that can support
shear, just as the glass containing the beer is a
random arrangements of atoms bonded together
that does not flow under stress.

Fig. N1.6 A head of beer. Beer is liquid on the
bottom and forms a rigid network of bubbles in the
foam at the top.

8This exercise was developed in collaboration with Stephen Thornton.
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As in Exercise N1.5, we can view the beer as ex-
ploring a slice of the vapor/fluid phase diagram,
with gravity pulling the fluid downward leading
to polyhedral bubbles separated by thin walls
forming the head, gradually becoming rounder
and wetter with depth, until they separate into
individual spherical bubbles in the bulk of the
glass.
Somewhere, as we move upward in the glass,
there must be a first point where we go from a
fluid phase to a rigid phase.9 What is the nature
of this phase transition?
For large objects like bubbles, powders, sand,
and colloids, this transition is a problem in me-
chanics. When two bubbles touch, they resist
moving closer together, which we can think of
as an overlap energy. The bubbles can there-
fore pack together without costing overlap en-
ergy only until there are enough contacts that
each bubble is is held in place by its neighbors.
This kind of rigidity was first studied by
Maxwell10 in his study of the stability of me-
chanical trusses. A contact between two spher-
ical bubbles constrains their separation to be
the sum of their radii; a truss is a rigid rod that
constrains its endpoints to be a fixed distance
apart. The Maxwell criterion involves subtract-
ing the number of constraints in a system (bub-
ble contacts) from the the number of motional
degrees of freedom of the system (three trans-
lations per bubble). Roughly speaking,11 when
the two are equal the system becomes rigid. If
there are fewer constraints, the system will be
floppy, with each missing constraint replaced by
a zero-energy mode of deformation.

Right-leaning Left-leaning

Soliton(c)

(a)

✓̄

a

r

l̄✓̄

(b)

(d)

Fig. N1.7 Rigidity and Maxwell constraint

counting. An array of nodes (blue dots), connect-
ing rotors (black lines) to springs (red dashed lines).
Is the system floppy or stiff? Each rotor and each
spring can be viewed as a constraint. The two co-
ordinates of the nodes are each degrees of freedom.
The green arrows indicate that there is at least one
floppy mode. With permission from Chen et al. [7].

Let us consider an example, a mechanical net-
work [7] inspired by recent work on topological
insulators. Figure N1.7 shows the right-hand
side of a chain of rotors whose ends are nodes
connected by springs.
(a) Check, for an infinite system, that the num-
ber of constraints (springs and rotors) per node
in this mechanical network would be equal to the
number of directions the node can move. The
figure shows that when the chain ends, the miss-
ing final spring leads to a floppy mode. The
other end of the chain also ends with a rotor
with only one spring attached. Use the Maxwell
criterion to argue that there is only one floppy
mode: the other dangling end of the chain must
be rigid. (See Ref. [7] for many more fascinat-
ing aspects of the problem.)

(b)

x

(a)

f

yT

T

Fig. N1.8 Force densities and tractions.
(a) The shear elastic constant of a solid and the vis-
cosity of a liquid are both defined as the response to
a traction T (a force per unit area) applied to two
ends 0 and L of a sample. (b) The transverse suscep-
tibility χ̃T (q, ω) is the response to a force per unit
volume f(x, y, z, t) ∝ exp(iqx) exp(−iωt) ŷ. We can
view the traction in (a) as a force per unit volume
f(x, y, z) = T (δ(x− L)− δ(x)).

9One can envision a tall beer in weak gravity, which could act to gradually change the chemical potential of the fluid and the
gas. On Earth the gradient of chemical potential for a bubble is rather steep.
10Yes, it is the same Maxwell from electromagnetism and the Maxwell relations.
11The Maxwell criterion has various refinements. Truss networks can have states of self stress, where some regions are over-
constrained. A network of fibers can become rigid with fewer constraints if they are pulled straight; this can be important in
cells. Ellipsoids can become rigid even though they can still rotate. None of these subtleties are significant in bubble networks.
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Let us prepare to study this rigidity transition
by considering the response of normal solids and
liquids to external shear. At long lengths and
low frequencies, both liquids and isotropic solids
respond to a one-dimensional, time-dependent,
transverse force density f(x, y, z, t) ≡ f(x, t)ŷ
by obeying the equation

ρ
∂2u

∂t2
= G

∂2u

∂x2
+ η

∂3u

∂x2∂t
+ f (N1.5)

where u(x, t) is the motion in the ŷ direction, ρ
is the mass density, G is the shear modulus, and
η is the dynamic viscosity (see Fig. N1.8(b)).12

We can test this equation by considering the
case of uniform shear, given by a traction on the
top and bottom surfaces of the cube f(x, t) =
T (δ(x− L)− δ(x)).
(b) If the material is rigid (G > 0), show that
this force can result in a static deformation sat-
isfying Gdu/dx = T , agreeing with the standard
definition of the shear modulus.
(c) If the material is a liquid (G = 0), write an
equation for u̇, and show that this force produces
a steady-state velocity gradient η du̇/dx = T ,
agreeing with the standard definition of the vis-
cosity.
(d) Use the equation of motion N1.5 to write
the transverse susceptibility at long wavelengths
χ̃T (q, ω) = ũ/f̃ . Show that

G−1 = lim
q→0

lim
ω→0

q2χ̃T (q, ω). (N1.6)

Show that

η = lim
ω→0

lim
q→0

(ρ2ω3/q2)χ′′
T (q, ω), (N1.7)

where as usual χ′′ = Im(χ̃).
Since our transverse susceptibility describes the
typical long-wavelength, low frequency behav-
ior of any isotropic fluid or solid,13 these last
two formulas can be considered the definitions of
shear modulus and dynamic viscosity for other
systems (like foams near jamming) where the
behavior is more interesting at short times and
lengths.
We now turn our focus back to beer. Maxwell’s
constraint on the rigidity of systems also holds
for general disordered packings of spheres (like
the bubbles in our beer). As we move upwards

through the foam, there is a point where the
foam can first support shear deformation. This
is known as the jamming transition. The tun-
able parameter that induces this transition is
δz ≡ z− zc, where z is the coordination number
counting the average number of nearest neigh-
bor contacts each bubble has. The critical co-
ordination number zc = 2d in d dimensions by
Maxwell’s constraint-counting argument.
Recent work [12] provides us with an explicit
formula for the universal scaling function for
the transverse susceptibility near the jamming
transition. Near jamming in three spatial di-
mensions in a viscous medium, the transverse
part of the susceptibility has a particular uni-
versal scaling form in terms of our distance to
jamming δz and intrinsic damping parameter γ:

χ̃T (q, ω) =
[
aq2|δz|

(√
1− c

iγω + dρω2

|δz|2 ± 1
)

− iγq2ω − ρω2
]−1

(N1.8)

where the ± refers to the solid “rigid foam” and
liquid “wet foam” sides of the transition, respec-
tively.
(e) Calculate shear the modulus G of the ma-
terial (eqn N1.6) in terms of constants and the
distance to jamming |δz|, both on the floppy and
the rigid side of the transition. Is the transi-
tion from rigid to floppy continuous, in terms
of the shear elastic constant? Calculate the dy-
namic viscosity η on the floppy side of the tran-
sition (eqn N1.7) in terms of constants and the
distance to jamming |δz|. (Hint: Expand the
square root to first order, and use 1/(a + bi) =
(a − bi)/(a2 + b2). The algebra is a bit messy.)
How does the viscosity depend on the distance to
jamming? Explain how we might view this as a
continuous transition.
So, unlike the abrupt way that liquids becomes
rigid when they freeze into crystals, jammed
solids have a continuous transition in their re-
sponse to external shear. Their elastic response
to shear (1/G) diverges from the rigid side,
and their viscous response to shear (1/η) from
the floppy side smoothly goes to zero. Equa-
tion N1.8 explains many other unusual proper-
ties exhibited by jammed solids like beer foam.

12Note that the viscosity is in the form of Kelvin damping, the lowest-order form allowed by Galilean invariance (see Exer-
cises 9.6, 9.14, and 10.9).
13One might consider this a requirement for a material to be described as a fluid or isotropic solid.
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(N1.8) Where is the antimatter?14 (Astro-
physics) ⃝3
The Universe experimentally is composed pri-
marily of matter. This is a surprise, since in
all other ways matter and antimatter appear
the same. Sakharov in 1967 proposed a set of
three necessary conditions for the period during
which the Universe generated this baryon asym-
metry.15

1. Reactions that do not conserve net baryon
number B (the number of baryons minus an-
tibaryons) must be present.

2. The quantum theory of the Universe must vi-
olate both the symmetries C and CP (more
details below).

3. The Universe must be out of equilibrium.

In this exercise, we shall give a cartoon dis-
cussion of “electroweak baryogenesis” [8], which
generates this asymmetry as bubble walls sweep
through the Universe during an abrupt phase
transition.
First, we need to discuss important symmetries
in quantum field theory. There are three sym-
metries of Schrödinger’s equation that we of-
ten take for granted. P (parity) is the sym-
metry inverting all positions through a point,
x → −x. T (time reversal) is the symmetry
inverting the direction of time (e.g., taking mo-
menta p → −p). And C (charge conjugation)
replaces each particle with its antiparticle. It
seems clear that breaking charge conjugation
symmetry in Sakharov’s second condition is nec-
essary to get more matter than antimatter. Par-
ity is also important to Sakharov because of
spin. We shall ignore the spin of the baryons
in our model of the bubble wall (see note 19 on
page 10).
It was a great surprise when it was discovered in
1956 by Chien–Shiung Wu that the weak inter-
action violates parity symmetry P . (Her discov-
ery was prompted by the theoretical suggestion
that it had never been tested.) Thus Sakharov’s
second condition is satisfied, even in our cur-
rent Universe. Later, weak interactions were
also shown to violate CP . But there is a fa-
mous CPT theorem arguing that any Lorentz-
invariant quantum field theory must have CPT

invariance. That is, if one simultaneously in-
verts time, space, and swaps particles with their
antiparticles, the laws of the Universe would be
unchanged.
We can treat C, P , T , and baryon number B
as quantum operators, like the Hamiltonian of
the Universe H. The CPT theorem tells us that
[CPT,H] = 0.
(a) How do C, P , and T individually affect
the baryon number operator? In particular, use
C2 = T 2 = P 2 = 1 to compute CBC−1,
PBP−1, and TBT−1 in terms of B. (Hint:
One approach is to check their behavior applied
to an eigenstate of baryon number B|b⟩ = b|b⟩.)
We can now derive Sakharov’s third condition.
You might think that the energy of a baryon
is given by its mass, mc2, so that in equilib-
rium the densities of baryons and antibaryons
would be the same (since their masses are the
same). But baryons interact in complex ways
with the particles around them (think nuclear
physics and the polarization of local vacuum
fluctuations), and these are governed by rules
that (for the weak interaction) violate C. Can
we get a general proof that the equilibrium den-
sities are the same?
An equilibrium Universe has a density matrix16

ρ = exp(−βH). The net baryon number is thus
given by ⟨B⟩ = Tr(ρB).
(b) Use CPT symmetry to show that ⟨B⟩ = 0.
(Hint: Use (CPT )(CPT )−1 = 1. Insert 1 into
the trace, use the fact that CPT commutes with
the Hamiltonian, and use the cyclic invariance
of the trace.)
Experiments in our current cold Universe
have never observed baryon number violations.
(Even a very small decay rate of protons to,
say, a positron, photon, and antineutrino would
cause a huge flood of γ rays emanating from the
Earth.)
In the early Universe, we believe there was an
electroweak epoch when particles were massless
(like the photon is now), and the four bosons
W±, Z, and photon were symmetric partners of
one another. During this epoch when the elec-
troweak symmetry is unbroken, the theory al-
lows for a sphaleron17 reaction that transforms

14This exercise was developed in collaboration with Mitrajyoti Ghosh.
15Protons and neutrons are baryons, as are all particles made up of three quarks. Three antiquarks make up antiprotons,
antineutrons and other antibaryons.
16Do not confuse the density matrix ρ with the baryon density ρ in later parts of this exercise.
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nine quarks (three baryons) into three antilep-
tons (changing B, as Sakharov required). At
the electroweak transition, the Higgs boson was
created and many particles became massive, and
the sphaleron reaction developed a high energy
barrier (explaining why protons do not decay
now).
The transition in electroweak baryogenesis is
abrupt, and happens via the nucleation of rare
bubbles that expand at nearly the speed of
light—transforming the equilibrium unbroken
phase with ⟨B⟩ = 0 into a high-temperature ver-
sion of the current Universe. Calculations show
that the sphalerons are turned off almost com-
pletely in our current Universe (with breaking
of the electroweak symmetry).

v

x

Unbroken

Our world

Broken

Fig. N1.9 Electroweak transition wall, sweep-
ing at a high velocity v, ending the symmetry-
unbroken electroweak epoch and giving our particles
masses. The wall interacts with the baryons (black)
and antibaryons (white), letting those that impact
the wall penetrate with probability T . Deep inside
the unbroken phase, sphalerons equilibrate the sys-
tem and destroy any matter-antimatter asymmetry.
Inside our world, sphalerons are inactive and baryon
number is conserved.

This bubble wall is wildly out of equilibrium
(Fig. N1.9). As it sweeps into the unbroken
phase, it encounters baryons and antibaryons,
but (because C is not a symmetry) the wall

interacts differently with matter and antimat-
ter. In particular, baryons are allowed to en-
ter our universe (the broken-symmetry phase)
with probability18 T , and antibaryons are al-
lowed in with probability T .19 This leads to a
pile-up of baryon density ρB(x) and antibaryon
density ρB(x) ahead of the front. The bubbles
are huge, and so the bubble walls are nearly
flat. We can thus study this pile-up as a one-
dimensional problem, and change to a moving
reference frame y = x − vt to find a time-
invariant solution to the evolution laws.
We start in parts (c) through (f) by ignoring
transitions between baryons and antibaryons, to
work out the boundary conditions and the equa-
tions of motion in the moving reference frame.
This means we can study ρB and ρB indepen-
dently. Let ρ∞ be the density ρB(∞) deep in
the unbroken phase. Since the unbroken phase
is presumed to be in equilibrium before the wall
sweeps through,20 ρB(x) will also be equal to
ρ∞ as x→ +∞.
(c) In steady state, ignoring any transitions
changing baryons to antibaryons, can the den-
sity ρB(x) deep in our universe (as x → −∞)
differ from ρ∞? (Hint: What is the current Ĵ(y)
in the moving reference frame?) Do the differ-
ing transmission probabilities suffice to explain
the dearth of antimatter in our world?
Assume that baryons and antibaryons diffuse
with diffusion constant D. Let us begin by
ignoring the sphaleron–induced reactions that
change baryon number.
(d) Write the diffusion equation for baryons,
and shift to the moving reference frame y, set-
ting y = 0 to be the position of the bub-
ble wall. Derive the evolution equation for
ρ̂B(y, t) = ρB(y + vt, t). Derive an ordinary
differential equation for the stationary state,
ρ̂B(y) in the moving reference frame by set-
ting ∂ρ̂B(y, t)/∂t = 0. Note: ρ̂ evaluated at

17Sphalerons are non-perturbative solutions to the equations of motion of the quantum Hamiltonian of our universe. In partic-
ular, sphalerons are a minimum action solution to the field equations with a non-trivial topology. The order parameter space
is SU(2), and the field configuration takes the Universe (with topology S3) into SU(2). So the sphaleron can be viewed as a
three-dimensional topological defect, whose strength is measured by the homotopy group Π3(SU(2)) (given by non-equivalent
mappings of the Universe S3 into the order parameter space).

18Warning: T is the probability of transmission, not the amplitude transmission constant T used in quantum mechanics and
optics.
19 The spin of a massless particle becomes its helicity. So left-handed and right-handed photons carry circular polarization. If
our quantum Hamiltonian had CP symmetry, left-handed massless antibaryons impinging from the unbroken symmetry phase
would have the same transmission probability as right-handed baryons, leading to no net baryon number in our Universe. This
is why Sakharov needs CP violation in addition to C violation.
20That is, it is in metastable equilibrium, unstable only to our broken–symmetry universe
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y = x− v(t+ dt) is

ρ̂(y, t+ dt) =ρ(y + v(t+ dt), t+ dt)

=ρ(y + vt, t) + v
∂ρ

∂x

∣∣∣∣
y+vt

dt

+
∂ρ

∂t

∣∣∣∣
y+vt

dt.

(N1.9)

Fig. N1.10 Boundary conditions at elec-
troweak wall. Near the wall, current conser-
vation sets the boundary condition at the wall
(eqn N1.10).

We also need to know the boundary condition
at the wall y = 0. Consider a small region
0 < y < δ on the unbroken symmetry side of
the wall (Fig. N1.10). The net number of par-
ticles entering this region, divided by δ, gives
∂ρ̂/∂t just outside the wall. The current en-
tering the region due to the moving reference
frame is given by the velocity times ρ̂. The cur-
rent transmitted through the wall is the velocity
times T ρ̂ (the current impinging on the wall due
to the moving reference frame, times the trans-
mission fraction). Finally, the current exiting
the region due to diffusion is D times the slope.
(e) Why must the net current be zero for a sta-
tionary state? In the limit δ → 0, show that

dρ̂B
dy

∣∣∣∣
0+

= −(1− T )(v/D)ρ̂B(0
+). (N1.10)

Finally, argue that this boundary condition must
hold even if the density has not reached a sta-
tionary state (and hence must hold even for the
original evolution of ρ(x, t).)

(f) Show, in the absence of sphalerons, that the
steady-state density of baryons is

ρ̂B(y) = ρ∞(1 + (1/T − 1)e−(v/D)y), (N1.11)

and hence ρ̂B(y) = ρ∞(1 + (1/T − 1)e−(v/D)y),
(This should allow you to check your answers
from part (c).)
Now let us add the sphaleron interaction which
changes the net baryon number. For simplicity,
let us ignore the leptons, and assume a baryon-
nonconserving reaction that has an equal rate
Γ for changing baryons to antibaryons and for
changing antibaryons to baryons.
(g) Write the coupled differential equations in
the moving reference frame for the steady-states
ρ̂B(y) and ρ̂B(y). (For example, an extra term
Γ(ρ̂B − ρ̂B) is needed for ρ̂B .) Add and sub-
tract these equations to find uncoupled equa-
tions for ρ(y) = (ρ̂B(y)+ ρ̂B(y))/2 and δρ(y) =
(ρ̂B(y)− ρ̂B(y))/2. Ignoring the boundary con-
ditions at zero, but applying the boundary condi-
tions at y = ∞, solve for the general solution of
these coupled equations (retaining two unknown
amplitudes). Show that δρ(y) ∝ exp(−Λy) de-
cays exponentially, and determine Λ.
If you have access and fluency in symbolic ma-
nipulation, you could now use the boundary
conditions (eqn N1.10) at y = 0 for the baryons
and the antibaryons to solve for the two un-
known amplitudes in your equations. Using the
densities at y = 0+, you could then determine
the transmitted densities. The algebra is a bit
messy, so we are not asking you to do this. You
would find in the end that the net baryon den-
sity in our Universe is predicted to be

ρB − ρB =
2(T − T )(

√
v2 + 8DΓ− v)ρ∞

(
√
v2 + 8DΓ− v)(T + T ) + 4T T v

.

(N1.12)
(h) Find two choices of constants in the problem
for which the baryon asymmetry is zero in our
Universe. (You may assume D stays positive.)
How do each of these relate to Sakharov’s condi-
tions? What does the net baryon density become
when T = 0 (perfect exclusion of antibaryons)?
Explain physically why this is to be expected.
At the time of the electroweak transition, there
were many more baryons and antibaryons than
there are now. Almost all the antibaryons were
annihilated by baryons into photons, leaving the
small density of baryons we have now. Vari-
ous estimates for the original ratio suggest that
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it was less than 10−9 away from half and half,
perhaps as small as 10−11.
Finally, one should note that the discovery of
the Higgs boson produced a huge challenge for
the electroweak baryogenesis. The sphaleron re-
action rate Γ becomes very small when the Higgs
mass becomes too high. As noted in part (g),
the predicted net baryon density of our Uni-
verse vanishes as Γ → 0 (when baryon number is
conserved). Physicists used the current baryon
number density and this feature of electroweak
baryogenesis to predict a maximum value for
the Higgs mass of 42GeV. But the experimental
mass turned out to be 125GeV; the theory was
not sufficient to explain the asymmetry. Where
the antimatter went remains a mystery.

(N1.9) Chiral waves: Fourier and Green. ⃝3
Recent research shows that many systems have
chiral edge states – propagating modes in topo-
logical insulators and the quantized Hall effect
that flow in only one direction. Such a sys-
tem might be described by a field Ξ(x, t) which
evolves according to

∂Ξ/∂t = A∂Ξ/∂x. (N1.13)

(see Exercise 9.13).
Our methods for solving the diffusion equation
are most useful for equations which are both lin-
ear and translation invariant.
(a) Is the propagation law N1.13 linear? Is it
translation invariant?
This equation can be solved by inspection, for
any initial condition, as a traveling wave. In
this exercise, we shall reproduce the traveling
wave solution using more sophisticated meth-
ods. First, what is the traveling wave solution?
(b) Given an initial condition Ξ0(x) = Ξ(x, 0),
what will Ξ(x, t) be? (Hint: Use parts (c)
and (d) to check your answer.)
We can solve eqn N1.13 with Fourier transforms.
Let Ξ̂k(t) be the Fourier transform of Ξ(x, t)
with respect to x, using the conventions in the
Appendix.
(c) Derive an equation for dΞ̂k/dt. Solve it
for Ξ̂k(t) in terms of Ξ̂k(0). Perform the in-
verse transform to evaluate Ξ(x, t) in terms of
Ξ0(x) = Ξ(x, 0). Show your steps.
We can use the Greens function for eqn N1.13
to solve it.

(d) Use your general solution of part (b) to guess
the Greens function G(x, t) for eqn N1.13. Use
the Greens function to evaluate Ξ(x, t) for the
initial condition Ξ(x, 0) = Ξ0(x). Show your
steps.

(N1.10) Taste & smell with ensembles. (Biology) ⃝3

Tongue
Tongue

Receptor
Flavor Flavor

Fig. N1.11 Receptor binding in your nose or
mouth leads to a signal that your brain interprets
as taste or smell.

In Exercise 3.16, we modeled our sense of taste
and smell in the microcanonical ensemble, and
derived an expression for the signal involving the
chemical potential. Using the grand canonical
ensemble, we can now address this directly.
Figure N1.11 illustrates one of the ways our cells
measure aspects of their environment – by plac-
ing receptors for given chemicals and measuring
how often they are bound. Model the receptor
in the grand canonical ensemble, and assume it
is in equilibrium with the fluid (air or saliva)
surrounding it. Assume the fluid is at tempera-
ture T and the chemical potential for the flavor
molecules in the fluid is µ. Let the energy of
the receptor change by ∆E = EB − EU < 0 as
the receptor is bound, and let the entropy of the
receptor change by ∆S = SB−SU . Assume the
volume in the system as a whole is unchanged
when the flavor molecule binds, and for simplic-
ity set EU = SU = 0.
Write the grand partition function Ξ as a sum
over the two states.21 What is the probability
that the receptor is bound (and sending a signal
to the brain)? Does your answer agree with your
microcanonical answer, eqn 3.81?

21To be fussy, we are summing over the bound and unbound Helmholtz free energies, which each sum over eS/kB states.
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(N1.11) Entropy of MastermindTM .22 ⃝3
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Hidden Code

Fig. N1.12 MastermindTM sample game, with
two colors (B&O) and N = 4 pegs.

Mastermind is a game where a maker secretly
picks a hidden code of N colored pegs, and a
breaker learns information about the positions
and colors of the pegs through a sequence of
guesses. After each guess, the maker responds
with the number of guessed pegs which match
in position and color (0r, 1r, . . . , 4r), and the
number of guessed pegs which share a color but
are in the wrong position (0w, 1w, . . . , 4w), as
in Fig. N1.12.23

In this exercise, we shall explore this game for
the case of two colors, blue (B) and orange (O).
Furthermore, instead of the breaker playing un-
til the hidden code is matched, we shall play
only one turn. The breaker’s job is to maxi-
mize the information about the hidden code af-
ter their guess, averaged over many games. The
maker will eventually be allowed to choose a
strategy optimized to frustrate the breaker, but

for now we will assume that the maker chooses
each of the possible codes with equal probabil-
ity.
(a) If the breaker in a four-peg game guesses
all blue and the response is 2r0w (Fig. N1.12),
how many of the 24 = 16 possible hidden codes
are still possible? What is the corresponding
probability q20 that the response will be 2r0w,
over many games where the breaker guesses all
blue? How many hidden codes are still possi-
ble if BBBB yielded a response of 1r0w? 0r0w?
3r0w? 4r0w? What is the probability qrw of get-
ting each of these responses?
The breaker wins big in this case either if they
guess correctly (4r0w) or if they guess com-
pletely wrong (0r0w) – they know precisely what
the peg arrangement is. But how do we mea-
sure the information learned by guessing BBBB
on average? Do we average the number of
remaining peg arrangements over the possible
responses? Do we do a weighted average of
the number of remaining possible arrangements,
based on the probability of getting each re-
sponse?
In Section 5.3.2, we argued that the best way
of measuring our ignorance is through entropy
– the only measure that satisfies three key prop-
erties. (1) Entropy is maximum for equal proba-
bilities. (2) Entropy is unaffected by extra states
of zero probability. (3) Entropy changes prop-
erly for conditional probabilities.
(b) Which of the three properties is relevant for
calculating the entropy of the breaker before the
game starts? Which is relevant for calculating
the entropy after they guess BBBB? Which tells
us that we can also include legal but missing re-
sponses, like 2r1w for the guess BBBB?
(c) What is the starting entropy of the breaker,
in bits? What is the breaker’s entropy SBBBB

20

after guessing BBBB and learning 2r0w? How
many bits did the entropy decrease? What would
their entropy SBBBB

rw have been after each of the
other possible responses rw = 00, 10, 30, and
40? What is the average entropy SBBBB averag-
ing over all the responses, if all the hidden codes
are equally likely? (Note: This last question is
closely related to the discussion in Section 5.3.2

22This exercise was developed in collaboration with Stephen Thornton
23You can view r and w as Right and Wrong, but they also match the red and white colors of the tiny pegs used in the response
of the maker (Fig. N1.12).
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about your expected ignorance after asking your
roommate where your keys were last seen.)
Now we must consider other possible initial
guesses, to find the optimal choice. We can sim-
plify our calculations by noticing some symme-
tries.
(d) Given that the maker picks codes with
equal likelihood, can the average entropy after
guessing BBBB and OOOO be different? Be-
tween BBBO and BOBB? Between BBBB and
OBBB?
There is a permutation symmetry (reordering
the pegs) and an inversion symmetry (B⇔O)
in this problem; all initial guesses in a class re-
lated by these symmetries have the same en-
tropy. This allows us to significantly reduce the
number of breaker guesses we need to calculate.
To further reduce effort, we also reduce the num-
ber of pegs to N = 3.
The following table has two columns for breaker
guesses and eight rows for the maker’s possible
hidden codes (all equally likely).
(e) The other possibilities for breaker guesses
should be related to the two shown. What is
the multiplicity of BBB – the number of other
breaker guesses in the same symmetry class?
What is the multiplicity of BBO?

BBB BBO

BBB

BBO

BOB

OBB

BOO 2r0w

OBO

OOB

OOO

(f) Copy the table, and fill it in with the correct
responses. Use the table to calculate qBBB

rw and
SBBB
rw for the responses rw in column two, and
qBBO
rw and SBBO

rw for column three. Calculate the
average entropy after a guess in the BBB class

and after one in the BBO class, as you did for
BBBB in part (c). Which will yield more in-
formation? (Hint: Use Fig. N1.13 to roughly
check your answer.)
Now let us allow the maker to develop an op-
timal strategy to frustrate the breaker. What
can we say about the optimal probability distri-
bution choice for the breaker in this game? We
assume that both breaker and maker can figure
out the other’s optimal strategy. By playing a
large number of games, any deviations from that
optimal strategy can be detected and exploited.
Before the game begins, the maker’s choices
have the same permutation and inversion sym-
metries as we saw for the breaker’s first guess.
(g) If the maker insists on a strategy that to
break the symmetry – say, choosing BOB more
often than OBB, can the breaker exploit knowing
this to increase his knowledge after his guess?
If the breaker insists on a strategy that guesses
BOB more often than OBB, can the maker ex-
ploit it? Must the optimal strategies of the two
satisfy the inversion and permutation symme-
tries?
We shall presume, whatever your answer for
part (g), that the maker chooses BBB and OOO
each with probability p ≤ 1/2, and all other
codes with probability 1/6 − p/3. Since the
breaker know of their strategy and choice of p,
the breaker’s initial entropy changes.
(h) Calculate the breaker’s initial entropy as a
function of p, before they make a guess. If the
maker chooses p near 1/2 and the breaker knows
this, will the breaker’s optimal strategy change
from the one you calculated in part (f)?
Since the maker’s strategy maintains the same
permutation and inversion symmetries as the
equal-weighted strategy, we can use the same ta-
ble to calculate the breaker’s entropy as a func-
tion of p.
The table of codes, guesses, and responses now
includes a column for the probabilities. The
missing entries (unchanged from the earlier ta-
ble) are filled in for one particular response
r = 2, w = 0 for an initial guess of BBO.
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BBB BBO

p BBB 2r0w

1/6− p/3 BBO

1/6− p/3 BOB

1/6− p/3 OBB

1/6− p/3 BOO 2r0w

1/6− p/3 OBO 2r0w

1/6− p/3 OOB

p OOO

Calculating the resulting average entropy after
the two guesses is now both laborious and sim-
ilar to your calculation in part (f). The partic-
ular response 2r0w for BBO, however, involves
three outcomes with differing probabilities, so is
worth investigation.
(i) What is the net probability for the response
qBBO
20 as a function of p? What is the entropy
SBBO
20 of the breaker after he gets that response

to a BBO guess? In terms of these two quanti-
ties (without plugging in your formulas), what is
the contribution of the 20 response to the aver-
age entropy of the breaker after the guess? Plot
SBBO
20 versus p ∈ (0, 1/2).

Figure N1.13 shows the uncertainty of the
breaker after the two possible classes of guesses.
The entropy SBBO

20 you calculated in part (i) is
a necessary step in calculating SBBO in the plot
below.

0.0 0.1 0.2 0.3 0.4 0.5
BBB probability p
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SBBO

Fig. N1.13 Breaker uncertainty entropies, after
one guess in MastermindTM.

In non-cooperative games, each player tries to
choose from an ensemble of strategies that best
optimizes their outcome. The breaker’s best
strategy, in general, depends on the maker’s
strategy (here the choice of p), and vice versa.
Mathematician John Nash24 won the Nobel
Prize in Economics for showing that such games
will generally have a Nash equilibrium, when
neither player has anything to gain by chang-
ing their strategy.
(j) What is the optimal strategy for the breaker,
for low p and high p? Use Fig. N1.13 to estimate
approximately at what value of p the breaker’s
strategy changes. Assuming the breaker is using
the optimal strategy, estimate approximately at
what value of p the maker should use to frustrate
the breaker as much as possible. This combi-
nation of strategies is the Nash equilibrium for
our game.

(N1.12) Interpolation and free energies. ⃝3
Alemi and Fischer [2] have unified a large num-
ber of deep neural network models into what
they call TherML (Thermodynamics of Machine
Learning). They combine four quantities R, D,
C, and S that various algorithms attempt to
minimize into a single optimization goal

R+ δD + γC + σS, (N1.14)

weighing the importance of minimizing R, D,
C, S differently depending on the task. This
sum is then minimized with respect to millions
of parameters in the neural network, to achieve

24This is thee same John Nash that was featured in “A Beautiful Mind”.
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the user’s goals. Here C measures the classifi-
cation error, R the complexity of the represen-
tation, S the relative entropy in the parameters
of the model, and D the distortion measuring
the ‘unsupervised’ learning performance. This
looks remarkably like our free energy formulas
like the grand free energy Φ = E − TS + PV
and the energy E = TS − PV + µN . Note that
E weighs the relative ‘goals’ of S, V , and N by
their costs T , −P , and µ.

xn xn + 1 xn + 2

sin
(x
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sin(x)
known points
linear interp.
quad interp.
linear error

Fig. N1.14 Interpolations for small step sizes
usually have their maximum error near midway be-
tween fitted points.

Without pretending to explain these machine-
learning terms, let us pursue a more tangible
task with the same form: interpolating a func-
tion using polynomials (Fig. N1.14). Our goal
is to minimize the error E in the interpolation
by varying computer time T and storage N .
Consider approximating the periodic function
sin(x) for x in (0, 2π) by linearly interpolating
between N+1 values at xn = nϵ with ϵ = 2π/N
(Fig. N1.14). In each interval, the maximum
error will approximately be in the center x be-
tween the known values at x ± ϵ/2, where it is∣∣sin(x)− 1/2(sin(x− ϵ/2) + sin(x+ ϵ/2))

∣∣.
(a) Expanding about x to second order in ϵ, at
what x is the error biggest? Show that the max-
imum error E goes as E = A/N2 as N → ∞.
For sin(x), what is A? How many digits of ac-
curacy D(N) = − log10(E) will linear interpo-
lation provide?
We will consider polynomial interpolation meth-
ods, that fit the nearest M points separated by
ϵ with a polynomial of degree M − 1. For large
N (small ϵ), these fits match the first M terms
of the Taylor expansion about x, so their er-

rors involve ϵM times theM th Taylor coefficient
(which depends on the function being interpo-
lated). For simplicity, we shall ignore this de-
pendence, so the error E ∝ N−M and the num-
ber of digits D = − log10E ∝ M log(N). (You
may check that this agrees with your answer to
part (a)).
The time needed to evaluate this polynomial
scales as T ∝ M2 [17, Section 3.2]. For con-
venience, we shall assume time M =

√
T and

digits D = M logN =
√
T logN (by choosing

suitable units).
We are willing to pay an amount χ per digit of
accuracy. Let σ be the cost of a unit of time,
and µ be the cost of a unit of memory.
We can view the digits D(N,T ) as an analog of
the microcanonical ensemble, where the amount
of storage N and the computer time per evalu-
ation T are fixed.
(b) How does the number of digits D(N,T ) in-
crease as we increase N → N + dN? Starting
at (N,T ), how much are we willing to pay to in-
crease N → N + dN? How much would we pay
for more computation time, T → T +dT? Eval-
uate µ(N,T ) and σ(N,T ), this ‘marginal cost’
of additional storage and time. Give a general
Maxwell relation giving (∂µ(N,T )/∂T )|N as a
derivative of σ, and check it using your formu-
las for µ and σ.
So our general goal is to maximize

G(χ, σ, µ) = χD − σT − µN (N1.15)

with respect to T and N , in analogy with
TherML’s optimization in eqn N1.14. Here D
is a function of N and T . G changes variables
from D, N , and T just as the Gibbs free energy
G(T, P ) changes variables from the microcanon-
ical entropy S(E, V ). There 1/T was analogous
to the cost in entropy of buying a unit of en-
ergy, and P/T analogous to the cost of a unit of
volume. Here σ and µ are literally the cost in
dollars for buying computer time and memory.
Minimizing G tells us that we have increased N
and T until it costs χ per digit to make further
improvements.
(c) Suppose we start at some non-optimized N
and T , and make a small change (∆N,∆T ) that
produces a change ∆D in the digits of precision.
How much are we willing to pay to benefit by the
increased precision? How much does the change
cost? Does the place where G is minimized make
the total cost equal to the total benefit? Or some-
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thing else?
Let us imagine we have solved for G. What
could we do with it? Just as derivatives of the
Gibbs free energy dG = −SdT + V dP + µdN
allow us to write the entropy and the volume
as functions of temperature and pressure, so
our G(χ, σ, µ) allows us to budget the computer
time and storage in terms of their costs σ and µ
and the value per digit χ. So, before plunging
into the calculation of G. . .
(d) If you were planning a simulation, how
would you use G to determine the memory and
computer time to budget, and the resulting num-
ber of digits you should purchase?
Now we calculate G.
(e) Extremize G in eqn N1.15 with respect to N
to find a formula for µ. Extremize with respect
to T to find a formula for σ.
You will need a new special function to solve
for G. Let w(A) be the solution to the equation
log(w) = Aw.25

(f) Solve both formulas from part (e) for
√
T .

Equate the solutions to give a self-consistent for-
mula for N . Using the Lambert W function to
solve for N . Using one of your two formulas for
T to write T as a power of N , and through that
as a function of χ, µ, and σ.
(g) Let σ = 3 and µ = 0.1. Plot N , T , and
the number of digits for the range χ ∈ (3, 6).
(Hint: T should start near four, corresponding
to the linear interpolation M = 2 in part (a).)
How much does the order M change as we add
digits?
In principle, we could now combine this infor-
mation into eqn N1.15 to get an explicit (but
horrible) formula for G.

(N1.13) Convexity and phase separation. (Thermo-
dynamics) ⃝3
A piston, initially completely filled with water
vapor, compresses the gas until it is completely
liquid, moving between the marked positions in
Fig. N1.15. The piston is held at temperature
T = 550K at all times.
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Fig. N1.15 Pressure vs. volume for the van
der Waals model applied to one mole of H2O at
T = 550K. The red line shows the vapor pressure
Pv at this temperature.

(a) Draw the path on Fig. N1.15 taken if the
piston moves slowly enough that the system re-
mains in thermal equilibrium at all times.
(b) Sketch a path on Fig. N1.15 taken if the
piston moves fast enough so that the pressure
rises past the vapor pressure (say, to 1.2 ×
108 dynes/cm2) before a liquid water drop nu-
cleates, but slowly enough so that the subsequent
condensation of vapor into the water stays in
equilibrium.
Figure N1.16 shows the chemical potential for
the van der Waals model as a function of den-
sity at this same temperature. Remember that
the Gibbs free energy is µN , so this is also the
Gibbs free energy per molecule. Note that the
van der Waals solution assumes that the system
is filled with molecules at a uniform density ρ,
not a mixture of liquid and gas.

25This can be written in terms the −1 branch of the Lambert W function, w(A) = −W (−A, k = −1)/A. See the hints files [19]
for implementations in Mathematica and Python.
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Fig. N1.16 Chemical potential µ vs. density ρ
for the van der Waals model for H2O at T = 550K.

(c) Sketch on a copy of Fig. N1.16 the free en-
ergy one would obtain by allowing for the sep-
aration of the water into coexisting liquid and
gas. (Ignore the small contribution of surface
tension.)
If a system can be broken up into two weakly
interacting subsystems, then the minimum free
energy for the system in the limit of infinite size
must be convex (see note 4 on page 324).
(d) In your solution to part (c), what are the
two weakly interacting subsystems? Why did we
need to take the limit of infinite size to ignore
surface tension? Is your answer convex?

(N1.14) Spinodals vs. Nucleation. ⃝3
Here we explore the predicted edges of metasta-
bility for the liquid and gas, which are called
spinodals in the older literature. Spinodals pro-
vide some insight into the behavior of materi-
als near abrupt transitions, but should not be
taken literally—fluctuations ignored by models
like these cause the crossover from nucleation to
‘spinodal decomposition’ to become blurred.
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Fig. N1.17 Volume vs. pressure for the van
der Waals model applied to one mole of H2O at
T = 550K. The red line shows Pv at this tempera-
ture.

Let us explore how the Gibbs free energy per
particleG/N = µ (Fig. N1.18) varies as we move
between different points on the P−V diagram
Fig. N1.17.
(a) At point α in Fig. N1.17 at the highest pres-
sure, how many other solutions are there with
that pressure? Which of the labeled points in
the free energy plots of Fig. N1.18 corresponds
to the state α?
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Fig. N1.18 Chemical potential vs. densityat
fixed temperature T = 550K, at some of the pres-
sures corresponding to the points α–ζ in Fig. N1.17.
The labeled points a-j here are solutions to the van
der Waals model.

(b) Is the system at point δ in Fig. N1.17 sta-
ble, unstable, or metastable? Which point a–j
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in Fig. N1.18 corresponds to δ? Explain what
about the free energy tells you whether a state is
stable, unstable, or metastable.
We gradually compress a hot water vapor in
a vertical piston, keeping the temperature at
550K. We first study this in the P–V plane and
in terms of the chemical potential.
(c) At which labeled point in Fig. N1.17 does the
metastable gas state go unstable? This is called
a spinodal point. Which point a–j in Fig. N1.18
corresponds to this spinodal point for the gas
phase? In Exercise 11.3, we saw that the surface
tension energy for nucleating a bubble is related
to the barrier in free energy between the two
phases. At the spinodal point, does the free en-
ergy barrier between the two phases disappear?
If one quickly changes the temperature or vol-
ume or other parameter across an abrupt phase
transition line, the phase transition qualita-
tively happens in one of two ways. It can be
nucleated by slow-forming bubbles or droplets.
Or, if one moves into the unstable region, it can
undergo spinodal decomposition, spontaneously
separating into two phases without a nucleation
barrier, with small random density fluctuations
growing on many length scales. The boundary
between these two is blurry except in mean-field
theories like that of van der Waals.
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Fig. N1.19 Spinodal and two-phase regions for
van der Waals water, as we vary density ρ and tem-
perature T .

The three points κ, λ, and µ in Fig. N1.19
correspond to our compression experiment in
part (c). We prepare the state at λ and µ by
starting at state κ at t = 0 and compressing the
piston quickly while cooling to keep the tem-
perature T fixed. The states at λ and µ begin
in a uniformly compressed state with only mi-

croscopic fluctuations. Assume the system is in
very low gravity (so the liquid water, when it
forms, does not quickly fall to the bottom). For
each, consider the density ρλ(h, t) and ρµ(h, t)
along a one-dimensional line h rising from the
bottom of the piston to the top.
(d) Roughly sketch ρλ(h, t) as a function of h
for three times: t = 0 just after compression, a
time tdroplets when the line passes through a nu-
cleated droplet or two (which have yet to grow
to use up the extra water vapor, or to fall to the
bottom), and a much later time tequilib when it
is fully phase separated. (Hint: What fraction
of the volume will be liquid?) Label your density
axis with the equilibrium densities of the liquid
and gas at 550K, and with the initial density
ρλ.
(e) Roughly sketch ρµ(h, t) as a function of h at
a time tspinodal when tiny random thermal den-
sity fluctuations have been noticably magnified
by the instability, but have yet to approach the
equilibrium densities of the two phases. Label
your density axis with the equilibrium densities
of the liquid and gas at 550K, and with the ini-
tial density ρµ.
After evolving for long times (ignoring gravity),
a system which was launched quickly with spin-
odal decomposition or slowly by nucleation will
evolve into rather similar states which coarsen
with time.

(N1.15) Cell signaling and mutual information.26

(Biology, Statistics) ⃝3
To survive, living systems must accurately mea-
sure and and respond to their environment. For
example, E. coli bacteria famously execute a
process called chemotaxis. By sensing gradi-
ents in nutrients, they decide whether to to run
(propel themselves forward) or tumble (change
direction) using their propellor-like flagella (see
Exercises 2.19 and 2.22). The environmental
signal is transmitted from the receptors on the
cell surface to the motors that control the flag-
ella via a cascade of chemical reactions. These
cascades involve kinases—protein enzymes that
are activated (phosphorylated) by reactions that
are catalyzed by upstream enzymes (the cell
membrane receptors or another kinase). The
activated kinase has a finite lifetime, with de-
phosphorylation reactions catalyzed by so-called

26This exercise was developed in collaboration with David Hathcock.
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phosphatase enzymes. Fluctuations in active ki-
nase populations carry the signal through the
cascade. Multi-level cascades can amplify sig-
nals, enabling sensitive detection of the envi-
ronment, but also introduce noise due to the
stochastic nature of enzymatic reactions. In
this problem we will investigate how cells can
mitigate this noise, optimizing the information
transmitted by the signaling circuit.
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Fig. 1. Schematic diagram of a cellular signaling pathway, like the MAPK
cascade in eukaryotes. An environmental signal (a time-varying concentration
of extracellular ligands) is propagated through membrane receptors into pop-
ulations of activated kinase proteins. Each active kinase is turned on through
phosphorylation reactions catalyzed by a receptor or kinase protein in the level
above, and turned off through dephosphorylation catalyzed by a phosphatase
protein. Since an active kinase can phosphorylate many downstream substrates
before it is deactivated, the signal is amplified as it passes from level to level.
However, because the enzymatic reactions are inherently stochastic, noise is
introduced along with the amplification.

can increase from level to level, for example in a ratio like
1:3:6 seen a type of fibroblast [33]. In addition to acting like
an amplifier, a multi-stage cascade can also facilitate more
complex signaling pathway topologies, for example crosstalk
by multiple pathways sharing common signaling intermedi-
ates [34], or negative feedback from downstream species on
upstream components [33].

Let us focus for simplicity on a single stage of the cascade,
for example between the active kinase species X and Y shown
in Fig. 1. Along with amplification, there is inevitably some
degree of signal degradation due to the stochastic nature of the
chemical reactions involved in the push-pull loop [35], [36].
We can use the formalism of Section II-A to quantify both the
fidelity of the transduced signal and the degree of amplifica-
tion. Let us assume the signal is a stationary time series and
hence the kinase populations (in their active forms) have time
trajectories x(t) and y(t) that fluctuate around mean values x̄
and ȳ. If !x(t) = x(t)! x̄ and !y(t) = y(t)! ȳ are the deviations
from the mean, the joint stationary probability distribution
P (!x(t), !y(t)) allows us to measure the quality of information
transmission from X to Y in terms of the mutual information
I(!x; !y) defined in Eq. (4). Optimization means tuning system
parameters (for example enzymatic reaction constants or mean
total substrate / phosphatase concentrations) such that I(!x; !y)
is maximized. As described in the previous section, the tuning

is constrained to a subset of system parameters. We fix the
properties of the input signal and the added noise due to the
enzymatic loop (in the form of the associated power spectra
Pss, Pcs, and Pcc), and only vary the remaining parameters.
Let us partition the total set of system parameters into two
parts: the set " which determines the input and noise, and
the remainder #. We will identify these sets on a case-by-
case basis. Optimization is then seeking the maximal mutual
information over the parameter space #:

Imax(!x; !y) = max#I(!x; !y). (10)

This formulation means that we are assuming the input sig-
nal (which ultimately arises from some external environmental
fluctuations) is given, but we also fix the degree of noise cor-
rupting the signal. In changing #, we are looking for the best
way to filter out this given noise for the given input signal.
The result, Imax, will depend on the input/noise parameters
" and we can then explore what aspects of " determine
Imax: are there particular features of the input signal (or noise
corruption) that make Imax higher or lower?

This optimization problem becomes significantly easier
if P (!x, !y) has the bivariate Gaussian form of Eq. (5),
which arises if the underlying dynamical system obeys lin-
ear Langevin equations, as mentioned earlier. The continuous
population approximation, which is a necessary prerequisite of
the Langevin description, is typically valid in signaling cas-
cades, where molecular populations are large. Linearization
of the Langevin equations can be validated by comparison to
exact numerical simulations of the nonlinear system [9]. If the
approximation is valid, maximizing I(!x; !y) becomes mathe-
matically equivalent to minimizing the scale-independent error
E of Eq. (3), since I = !(1/2) log2 E. To make the connec-
tion with the signal s(t) and estimate s̃(t) explicit, let us define
s(t) " G!x(t), and s̃(t) " !y(t), where

G " #!y2(t)$
#!y(t)!x(t)$ . (11)

This allows Eq. (3) to be rewritten as:

E = 1 ! #s̃(t)s(t)$2

#s2(t)$#s̃2(t)$ = 1 ! #!y(t)!x(t)$2

#!x2(t)$#!y2(t)$
= minA$(!x(t), A!y(t)) = minÃ$

!
Ã!x(t), !y(t)

"
, (12)

where Ã = A!1, and the last equality follows from the defini-
tion of $ in Eq. (1). Thus G in Eq. (11) is precisely the value
of Ã that minimizes $(Ã!x(t), !y(t)). In other words we can
interpret G as the amplification factor (or gain [31]) between
the deviations !x(t) and !y(t). One would have to multiply
!x(t) by a factor G in order for the amplitude of the scaled
fluctuations G!x(t) to roughly match the amplitude of !y(t).
The gain G is in general distinct from the ratio of the means,
ȳ/x̄, which could be used as another measure of amplifica-
tion. Note that G and E are defined through Eqs. (11)-(12)
for any !x(t) and !y(t), whether or not the mutual information
I(!x; !y) is optimal. When we tune the system parameters #

such that I reaches its maximum Imax, the quantities G and E
will have specific values. In the examples below, optimality
will either exactly or to an excellent approximation coincide

𝖷

𝖸

𝗑(𝗍)

𝗒(𝗍)

Fig. N1.20 The simplest cellular signaling cir-
cuit involves: (i) the environmental signal from ex-
tracellular ligands X, (ii) an kinase population Y
within the cell, activated by the membrane recep-
tors. This minimal model is a coarse-grained rep-
resentation of actual chemical circuits that regu-
late chemotaxis in E. coli, olfactory (smell) sensing
in mammals, and yeast response to osmotic pres-
sure [9, 18].

Let X(t) be the local concentration of food as
the bacteria swims forward. This concentra-
tion randomly fluctuates, driven by noise ξx
due to both to the bacteria’s movement and
coupling to the environment, but changes rel-
atively slowly, with a long correlation time γ−1

x .
The dynamics of X are given by a Langevin
equation, Ẋ = Ax − γxX + ξx(t), where Ax

keeps the mean food level X = Ax/γx posi-
tive. The cell’s measurement of this signal is
noisy: small numbers of food molecules ran-
domly bump into the receptors, which in turn
causes activation of R kinase within the cell.
The dynamics of active kinase population Y are
given by, Ẏ = Ay + R(X − X) − γyY + ξy(t),
where ξy is the measurement noise, Ay is the
background activation rate, and γy is the deac-
tivation rate, determined by phosphatase con-
centrations. As with X, γ−1

y sets the time-scale

for fluctuations in Y . How can the cell tune
γy to filter out the measurement noise at the
receptors and gain the most information about
the food in its environment?
For our calculations, we will assume the terms
ξa(t) with a = x, y are white noise with cor-
relation27 ⟨ξa(t)ξb(t′)⟩ = 2Faδabδ(t − t′). In-
formation is carried by the fluctuations in X
and Y about the mean values, X = Ax/γx and
Y = Ay/γy; the bacteria wants to swim toward
locations where there is more food than aver-
age. Subtracting off the means, x = X −X and
y = Y − Y , we are left with,

ẋ = −γxx+ ξx(t) ẏ = −γyy +Rx+ ξy(t)
(N1.16)

The calculations in this exercise are somewhat
involved, so we shall provide many intermedi-
ate results to allow you to bypass parts if you
get stuck. If you use a computer algebra system
(Mathematica™, SymPy, . . . ) please provide
your code. If you use paper and pencil, please
show your steps and prune your dead ends.
(a) Fourier transform eqn (N1.16) and solve for
x̃(ω) and ỹ(ω). Express your answers in terms
of the Fourier transformed noise ξ̃x(ω), ξ̃y(ω) as
well as γx, γy, and R.
If Cab(τ) = ⟨a(t + τ)b(t)⟩ is the correlation be-
tween a and b, then C̃ab(ω) = ã(ω)̃b∗(ω) (see
Appendix A). For example, the noise corre-
lation relation becomes ξ̃a(ω)ξ̃

∗
b (ω) = 2Faδab

and the equal time correlation is Cab(0) =
1/(2π)

∫
dω ã(ω)̃b∗(ω). For the next parts, the

following integrals are useful:

1

2π

∫ ∞

−∞

e−iωtdω

ω2 + c2
=
e−c|t|

2c

1

2π

∫ ∞

−∞

dω

(ω2 + c2)(iω + d)
=

1

2c(c+ d)

1

2π

∫ ∞

−∞

dω

(ω2 + c2)(ω2 + d2)
=

1

2cd(c+ d)

(b) Show that x(t) has exponential time corre-
lations, Cxx(τ) = Fx/γx exp(−γx|τ |). As we
mentioned above the signal has a correlation
time scale set by γ−1

x .
(c) Show that the equal time correlations are
Cxx(0) = Fx/γx, Cxy(0) = FxR/(γ

2
x + γxγy)

and Cyy(0) = FxR
2/(γ2

xγy + γxγ
2
y) +Fy/γy. To

27If the number of molecules attaching to the receptor is the cause of the noise (this is called shot noise), then Fx = Ax and
Fy = Ay .
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simplify the notation below, we will define σ2
x =

Cxx(0), σ
2
y = Cyy(0), and covxy = Cxy(0).

So far, we have understood the fluctuations and
correlations in two chemical populations: food
molecules in the environment and signaling pro-
teins within the cell. How can we use these to
quantify the information gained by the bacteria?
Fortunately, Shannon explored this question in
his seminal work on information theory. He de-
veloped the machinery of information entropy
when working for the telephone company.28 The
phones in those days had lots of static. How
could one calculate when the static noise made
it impossible to hear the words? Shannon intro-
duced the idea of a mutual information between
the original signal and the noisy final signal.
Suppose the probability distribution of an orig-
inal message x is ρX(x), and the probability
distribution of x being turned into a noisy fi-
nal message y is ρT (y|x) (the probability of
y given x). This transmitted probabilty dis-
tribution can be written in terms of the joint
probability distribution ρX,Y (x, y), the likeli-
hood of a random transmission having original
message x and final noisy message y. Note that
ρX(x) =

∫
dy ρX,Y (x, y) and similarly for ρY (y).

(d) Express in words the true statement
ρT (y|x)ρX(x) = ρX,Y (x, y) in a way that would
convince a non-scientist.
The mutual information29 is defined to be

I(X,Y ) = kS

∫
dx dy ρX,Y (x, y) (N1.17)

log

(
ρX,Y (x, y)

ρX(x)ρY (y)

)
,

The mutual information is symmetric in X and
Y . How can it be used to study how much the
noisy final signal y tells us about the original
signal x?
(e) Show that I(X,Y ) = S(X) − S(X|Y ), the
entropy of the probability distribution of general
noisy input signals ρX(x) minus the entropy of
the noisy signals resulting in a particular re-
ceived signal y, ρT (x|y), averaged over y (Hint:
the identity from part (d) also holds if we swap
x and y. Plug this in and separate the log into a
difference of two terms). Explain in words why
the first measures your ignorance of the message

X before getting a telephone call Y , and the lat-
ter is your average ignorance after a call.
To compute the mutual information for the cell
signaling system, we require the joint distribu-
tion ρX,Y (x, y). In general, for systems driven
by white-noise (with delta-function correla-
tions), this is done by converting the Langevin
equations into a Fokker-Planck equation (see
Exercise 8.22), which can then be solved to ob-
tain the equilibrium distribution. When the
equations are linear (as is the case for our model,
eqn (N1.16)), one finds that the joint distribu-
tion is a bivariate Gaussian30,

ρX,Y (x, y) =
1

2πσxσy

√
1− r2

(N1.18)

exp

(
− 1

2 (1− r2)

(
x2

σ2
x

+
y2

σ2
y

− 2rxy

σxσy

))
.

Here, the standard deviations σx = ⟨x2⟩1/2 and
σy = ⟨y2⟩1/2 and correlation r = ⟨xy⟩/(σxσy) =
covxy/(σxσy) are precisely those you computed
in part (c).
(f) Argue that the marginal distributions ρX(x)
and ρY (y) are also Gaussian, with widths
σx and σy respectively. Show that the mu-
tual information for the bivariate Gaussian is
−(kS/2) log(1 − r2). Interpret this result for
r → 0 and r → 1. Is the mutual information
dependent on the magnitude of the fluctuations?
(Hint: what happens if we scale x→ αx).
Biologically, the rate γy is easiest to tune (e.g.
through evolution and natural selection). This
rate is controlled by concentrations of phos-
phatase in the cell, whereas the activation rate
R requires energy dissipation.
(g) Argue that maximizing mutual information
is equivalent to maximizing r2. Show that r2 =
ZΛ/((1 + Z)(1 + Z + Λ)), where Z = γy/γx
and Λ = FxR

2/(Fyγ
2
x). Maximize r2 with re-

spect to γy. Show that when the information
transmission is optimized, γy = γx

√
1 + Λ and

I = 1/2[kS log(1 +
√
1 + Λ)− 1].

With all else fixed, there is an ideal response
time: γ−1

y must be faster than γ−1
x by the fac-

tor 1/
√
1 + Λ. If γy is too small, Y will integrate

28This was in the olden days, when there was only one phone company in the US, Bell Telephone.
29 The mutual information is also the distance in probability space between the joint distribution ρX,Y (x, y) and the uncorre-
lated case ρX(x)ρY (y), using a distance measure called the Kullback–Liebler divergence (see Exercise 1.16).
30This is a generalization of a familiar result from statistical mechanics: the Boltzmann distribution for an over-damped
harmonic oscillator (which feels forces linear in the displacement) is Gaussian.
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over the changes in X, filtering out too much of
the the signal. On the other hand, if γy is too
large, Y will fail to filter out enough of the noise
introduced at the cell receptors. The mutual in-
formation quantifies how much information the
cell has about the current state of its environ-
ment, obtained by measuring the history of the
signal and filtering out receptor noise. The di-
mensionless parameter Λ serves as a measure of
the signal fidelity. When Fx ≫ Fy, then Λ ≫ 1:
it is easy to reproduce the signal if the magni-
tude of fluctuations in X are large compared to
the noise introduced by the receptors. On the
other hand if Fx ≈ Fy, Λ = R2/γ2

x, which mea-
sures the sensitivity of Y to changes in the X
population over the timescale γ−1

x . Real biolog-
ical signaling circuits, like those in yeast and E.
coli, tend to lie in the range Λ = 100− 1000.
(h) For the range of Λ listed above, how much
information, in bits, can the cell learn about its
environment from monitoring Y (t)?

(N1.16) Emittance and particle beams.31 (Acceler-
ator) ⃝3
Particle accelerators take bunches of protons
and antiprotons up to near the speed of light,
and smash them head-on to see what happens.
Electron microscopes take bunches of electrons
and focus them to image materials at the atomic
scale. X-ray sources accelerate electrons to near
the speed of light, and use undulators to wig-
gle them to create X-rays (synchrotron X-ray
sources) or free electron lasers (coherent beams
of X-rays). In all of these applications, in ad-
dition to the energy per ion and the number
of ions, the key property of a good bunch is its
emittance. In this exercise, we shall explain why
emittance is important, relate it to the entropy
of the bunch, analyze its quantum limit, and ex-
plore the use of electron bunches to cool bunches
of protons.
The 3D emittance of a bunch is loosely given32

by the product of the volume it occupies in po-
sition space and in momentum space:

ε = (∆qx∆px)(∆qy∆py)(∆qz∆pz). (N1.19)

For our purposes, ∆q and ∆p will represent the
standard deviations of the positions and mo-

menta in the center of mass frame of the bunch.
Here z is the ‘longitudinal’ direction in which
the beam is moving, and x and y are ‘trans-
verse’. For synchrotrons, y is the ‘vertical’ di-
rection perpendicular to the plane of the circu-
lar orbit and x the ‘horizontal’ direction in the
plane of the circle but perpendicular to the mo-
tion. One also speaks of the 2D emittance of the
transverse directions (∆qx∆px)(∆qy∆py) per-
pendicular to the velocity of the bunch, or the
1D emittance along one of the axes. We shall see
that many beams are strongly anisotropic, with
different widths and momentum spreads along
these three axes.
Emittance is a limiting parameter in the per-
formance of any accelerator. In electron mi-
croscope/diffraction accelerators, the emittance
limits the resolution; in colliders, it limits the
luminosity; in free electron lasers, it limits the
gain length and the minimum wavelength of the
laser. Low beam emittance is therefore desir-
able, and reducing it is a central research goal
of the Center for Bright Beams (CBB), a collab-
oration in which Cornell plays a leading role.
At the Large Hadron Collider (LHC), the
bunches have N = 1.2 × 1011 protons, a bunch
radius of σq = 3.5µm, and a transverse emit-
tance of 3.75µrad = 1.88 × 10−24 kgm2/s, im-
plying a RMS bunch momentum of σp = 5.4 ×
10−19 kgm/s.
The ions in a bunch are often nearly nonin-
teracting and uncorrelated, with all ions hav-
ing nearly the same probability distribution
in phase space. In this case, ρN (P,Q) =∏N

n=1 ρ(pn,qn). In this exercise, our bunches
will mostly have Gaussian distributions. Here
we very roughly approximate the LHC bunch
as an isotropic, uncorrelated product of spheri-
cally symmetric Gaussian distributions

ρLHC(p,q) =
e−q2/2σ2

q e−p2/2σ2
p

(2πσ2
q)3/2(2πσ2

p)3/2
. (N1.20)

(a) Write the formula for the 3D emittance of
the bunch in eqn N1.19. Note that the momenta
have a thermal distribution. Write a formula

31This exercise was developed in collaboration with Michael Kaemingk. We have used real numbers as input for this exam,
but our assumptions for the calculations are not reliable. For example, real bunches are not as tidy as our Gaussian model
bunches, and their momentum spread is not thermal.
32In part (a) you shall derive another more rigorous but less practical definition of the emittance in terms of the entropy per
particle.
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for the temperature of the bunch. Write the en-
tropy

S =− kB⟨log ρ⟩ = −kB
∫
ρ log ρ

=− kB

∫
dP dQ ρ(P,Q) log ρ(P,Q) (N1.21)

− 3NkB log h.

(Warning: There is an error in the correspond-
ing eqn 5.20 in the print edition of the text.)
Evaluate the temperature and the entropy of
the bunch using the LHC parameters above.
Write a formula for the emittance in terms of
exp(S/NkB). We may view your last result as
a more rigorous definition of the emittance.
Thus, the emittance, like the entropy, can only
grow as the bunch passes through accelerating
fields and focusing magnets.33 Making a low
emittance bunch, and keeping the emittance low
during its acceleration and focusing, is key to all
accelerator applications.
Why do we care about the momentum spread
∆p in eqn N1.19, if we want a dense beam or
a sharp focus? The conservation of emittance
forces a tradeoff between a narrow beam and
one that stays narrow as it moves.
The angular dispersion of a beam is due to the
momentum spread σp: the momentum in the
transverse direction will make the beam grow in
width. The angular spread in a beam is given
by the ratio of the transverse momentum spread
∆p over the mean momentum of the ions in the
forward direction. The latter, mv for nonrela-
tivistic motion (with m the particle mass) be-
comes mv/

√
1− v2/c2 = βγmc for a relativis-

tic beam, with β = v/c and γ = 1/
√

1− v2/c2.
Thus the angular spread ∆θ = ∆p/βγmc radi-
ans with respect to the direction of motion.
(b) An electron microscope has a beam with ve-
locity v = 0.62c, a width σi

q = 200µm and a ver-
tical emittance ε = 2.7 × 10−30 kgm2/s. What
is its vertical momentum spread σp? What is its
angular spread ∆θi in radians? A lens system
focuses the beam into a smaller width 40µm,
without increasing the entropy or changing its
velocity. What is the new angular spread ∆θf ,
in terms of ∆θi? How far can it propagate be-
fore the new spread gives the beam a width larger
than the original width σi

q? (Rough estimates

are fine.)
One might be surprised that the ions in a bunch
can be treated as non-interacting, given the
strong Coulomb interactions between particles.
Indeed, these ‘space-charge’ effects are impor-
tant when the bunch is first formed. But as it
reaches near the speed of light, these interac-
tions become much less important. Using an ul-
trafast electron diffraction apparatus at Cornell
as an example, the current state-of-the-art pho-
toemission bunch starts out as a bunch of radius
20µm in the transverse directions, and a dura-
tion of 200 femtoseconds. Suppose this beam
is now placed in an X-ray Free Electron Laser
and accelerated to a speed very close to that
of light (but leaving its duration fixed). The
packet in the laboratory frame is 60µm long
(roughly spherical). But the packet in the lab-
oratory frame is Lorentz contracted by a factor
of γ ≈ 34000, so in the center of mass frame it
is a long tube of length γ× 60µm = 1.3m. The
force on the electrons in the beam are mostly
due to the charges within a distance along the
tube roughly given by the distance of the elec-
tron from the center of the tube (20µm), which
in turn is roughly 1/γ of the total. Further-
more, the motion due to these forces in the lab
frame takes γ times longer to happen in the lab
frame due to time dilation. The two effects com-
bined imply that the Coulomb interactions are
suppressed by 1/γ2, making them basically neg-
ligible.
Strong transverse bunch shape anisotropy is also
seen in electron beams in synchrotrons. At the
Cornell Electron Storage Ring (CESR), εx ≈
500 eVm/c = 2.7×10−25 kgm2/s along the hor-
izontal (x) direction, and εy ≈ 0.1 eVm/c =
5.3 × 10−29 kgm2/s along the vertical direc-
tion:34 a factor of 1000 anisotropy! Indeed, one
of the ambitious goals in the accelerator com-
munity is to get the transverse emittance down
to the quantum limit.
(c) What would the vertical emittance ∆qy∆py
be at the quantum limit, set by the uncertainty
principle? By what factor must CESR shrink
their emittance to approach this goal?
Liouville’s theorem implies that reducing the en-
tropy or the emittance cannot be done simply

33The beam can lower its emittance by emitting X-rays, which is important in synchrotrons and undulators.
34The horizontal width is large because of the randomness introduced by the emission of X-ray photons as the beam circles
around.
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with the standard tools of accelerators (mag-
netic lenses, focusing solenoids, bunchers, etc.).
Instead, the beam must be coupled to another
system into which the entropy can be dumped.
There are different methods for doing this, such
as synchrotron cooling, electron cooling, and
stochastic cooling (for which Simon van der
Meer received the Nobel Prize in 1984). Here
we will consider a simplified model of electron
cooling.
Electron cooling is a mechanism by which an
electron beam is used to reduce the momentum
spread, and therefore the entropy, of a beam of
heavier ions. It is being used in the Relativis-
tic Heavy Ion Collider (RHIC), colliding gold
ions to create a quark-gluon plasma. The elec-
tron and gold ion beams are overlapped with
nearly the same velocity. Here again we assume
the momenta of the two beams have a Gaussian
distribution, characterized by a temperature.
(d) Suppose the center-of-mass momenta in a
gold ion bunch has initial temperature TAu, and
is put into contact with a co-moving electron
bunch of the same radius σq, the same num-
ber of particles N and a temperature Te ≪ TAu.
What will the final temperature Tf of the two ion
beams be, if they have enough time to exchange
kinetic energies and thermalize? (You may ig-
nore the interactions between the various ions.)
Calculate the ratio of the one-dimensional emit-
tances εAu/εe and the beam angular dispersion
∆θAu/∆θe of the resulting gold ion and electron
bunches.
As the gold ion beam travels through the elec-
tron gas, it will experience two effects. One is
a drag force proportional to the velocity with
respect to the center of mass. The other is
fluctuations due to individual scattering events
with the electrons. In Exercise 6.18, you found
a fluctuation-response relationship between the
noise and the drag coefficient in simulations of
Langevin dynamics for one-dimensional motion.
The relationship you found in that exercise was

kBT = ⟨∆p2⟩/2η∆t. (N1.22)

We express this relation in terms of η, the in-
verse of the mobility, so the force on a moving
gold ion is F = −ηv. (The mobility is called γ
in Exercise 6.18.) For us, ∆p is a momentum
change due to a collision, T is the temperature
of the electron beam, and ∆t is the time between
collisions.

So, to find the drag force for a moving gold ion,
we shall calculate the noise on a stationary ion
and use this relationship.
The geometry of collisions between electrons
and ions via the Coulomb interaction is com-
plicated. One simplifying concept is that of a
scattering cross section—the effective circular
disk that would suffer the same forces. For the
densities of electrons and gold ions in our two
bunches, you may assume that a gold ion near
the center of the electron bunch has a cross sec-
tion Σ = 0.1 nm2 = 10−19 m2. The momentum
exchange in a collision with that disk will solely
depend on the momentum px of the electron,
where x is the axis perpendicular to that disk.
How big a momentum change will a gold ion
have during a collision with an electron? (How
much momentum is exchanged when a ping-
pong ball hits a car?)
(e) Taking the limit mAu/me → ∞, what is the
net change ∆p for a stationary gold disk, given
a head-on elastic collision with an electron with
x momentum px? Assume that the particles are
non-relativistic in the center-of-mass frame.
Let us now calculate the other terms in
eqn N1.22.
(f) Give a formula for the average time ∆t be-
tween collisions from the cross section Σ of the
stationary ion disk, the electron number density
n, and the momentum distribution of the elec-
trons. Give a formula for the average squared
momentum transfer ⟨∆p2⟩ for these collisions.
Give the formula for the temperature kBT of the
electrons. (Rough estimates are fine. You may
assume the electrons have a Gaussian momen-
tum distribution with width σp.)
At the Relativistic Heavy Ion Collider (RHIC)
work is underway to cool gold ions with an elec-
tron beam. In one scheme, a gold ion beam
circles a ring with circumference C = 3.9km,
and each turn passes through a segment of
length 0.0078C with a co-moving electron gas
of density 108 cm−3 = 1014/m3 and momentum
spread 1.2 × 10−23 kgm/s. The electrons are
refreshed continuously using a Cornell-invented
energy recovery Linac (ERL). The bunches are
moving fast: their value of γ = 1/

√
1− v2/c2 =

105. Time dilation makes the interaction time
needed larger by a factor of γ.
(g) Using your answers from part (f) and
eqn N1.22 from Exercise 6.18, find a formula
for the inverse mobility η. Using F = −ηv = ṗ,
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find a formula for the exponential decay time τ
for the gold ion velocity in the center of mass
frame. Evaluate it for RHIC’s electron cooling
scenario.
(h) What is the exponential decay time for the
gold ion beam in the lab frame of RHIC?

(N1.17) Nonabelian defects.35 (Mathematics) ⃝3
In this problem, we will try to understand
the defects that occur in a liquid crystal com-
posed of a planar tri-headed molecule (Figure
N1.21). The ordered states of this system have
all molecules in the same orientation, but with
liquid translational order (randomly placed cen-
ters). This exercise will explore subtle questions
regarding classification of nonabelian defects. It
will explore braiding with mathematics related
to the problems of anyon statistics and topolog-
ical quantum computing. And it will provide a
complete analysis of the transformation of one
defect as it is pulled around another, explored
in the case of fingerprints in Exercise 9.17.

(a) (b)

Fig. N1.21 Dihedral molecules. (a) The tri-
headed molecule studied in this problem. (b) The
molecular structure of 1, 3, 5-Trichlorobenzene, with
a representation of a tri-headed molecule superim-
posed [4]. If these molecules were to form a liquid
crystal, the liquid crystal would have the types of
defects described in this exercise.

If the molecule 1, 3, 5-Trichlorobenzene
(Fig. N1.21b), which has the same symmetry
as our cartoon molecule, had a liquid crys-
talline phase36 where they oriented parallel to
one another, one would find the defects we study
here [4]. These systems are generally called di-

hedral liquid crystals for reasons that we will
explore shortly.37

(b)(a)

Fig. N1.22 Defects with molecules confined to
the plane. Note that the molecules are at random
positions; the orientations are shown on a square
lattice for convenience.

Figure N1.22 shows two defects (red points)
around which the molecules swirl. Recall that
the winding number is defined as the fraction of
a full rotation ∆ϕ/2π an object does as we travel
around a defect counterclockwise in real space.
∆ϕ has a sign associated with it. Is the defect
labeled by the winding number? In part (a)
we find that the answer is yes if the molecular
“legs” are confined to the plane, but otherwise
no:
(a) What are the winding numbers of the de-
fects shown in Figure N1.22? If we allow the
molecules to rotate in three dimensions, are
these two defects topologically equivalent? Why
or why not? (Hint: Try applying a rotation
about various axes to all the molecules.)
We saw in part (a) that the molecular orienta-
tion, after following the path around a defect,
must return to an orientation related by the
symmetry group of the molecule. Our molecule
has a dihedral symmetry group D3 (hence the
name dihedral liquid crystal). We imagine that
the homotopy group (the nonequivalent possi-
ble circular paths in the order parameter space)
will be related somehow to D3.
D3 is a six element group, generated38 by two
elements: a 2π/3 counter-clockwise rotation
a about an axis normal to the plane of the
molecule (taken to face out of the page for the
planar configurations), and a flip x, rotating by

35This exercise was developed in collaboration with Stephen Thornton.
36There is currently no experimental evidence for this specific type of liquid crystal.
37Note: Most papers on dihedral liquid crystals confine the molecules to the plane. We are allowing them to rotate in 3
dimensions.
38A group is generated by a subset of elements (called generators) if every member of the group can be represented by repeatedly
multiplying generators and their inverses.
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π about a particular leg of the molecule (the left-
hand portion of the group presentation N1.23
below). The multiplication table (Table N1.17)
can be derived from the three equality relations
on the right side of presentation N1.23:

D3 =
〈
x, a

∣∣∣ x2 = 1, a3 = 1, xax−1 = a−1
〉
.

(N1.23)
The group element gh is found in the row la-
beled by g and the column labeled by h. This
is important because D3 is nonabelian.

D3 1 a a2 x xa xa2

1 1 a a2 x xa xa2

a a a2 1 xa2 x xa

a2 a2 1 a xa xa2 x

x x xa xa2 1 a a2

xa xa xa2 x a2 1 a

xa2 xa2 x xa a a2 1

Multiplication table for the dihedral group D3.
Note that the group is nonabelian: gh is not

equal to hg. The element gh would be found in
the row labeled by g and the column labeled

by h.

(b) What are the symmetry group elements
given by the paths in Fig. N1.22 (a) and (b)?
Explain in words why xax−1 = a−1. Use the
multiplication rules to calculate xa2 ⊗ xa and
xa⊗xa2. Compare your answers to those in the
table.
We know from part (a) that two different dihe-
dral symmetry group elements can be topolog-
ically equivalent—so the defect strength is not
just given by the element of D3. We shall ex-
plore this further below. But first, let us see
if the same dihedral symmetry group element
can correspond to two non-equivalent topologi-
cal defects.

(b)(a)

Fig. N1.23 Two equivalent defects, one with the
molecules confined to the plane, and the other with
one leg rotated to point ‘upward’.

(c) What is the winding number of the defect
shown in Fig. N1.23(a)? If D3 were the homo-
topy group, and we were to assign this defect
an element of D3, which element would it be?
What does this suggest about the defect? Can
we heal this defect by rotating into the third
dimension? Does the rotation into the third di-
mension shown in Fig. N1.23(b) heal the defect
in the order parameter field?
We need a homotopy group that somehow has a
category for a defect that returns the molecule
to its original orientation trivially (the identity
element in D3), and somehow also allows a de-
fect to return the molecule differently (nontriv-
ially) to the same labelling of the legs (the el-
ement a3). There is a wonderful treatment of
the topological theory of defects by Mermin [14],
which we draw upon here.
How can a 2π rotation in three dimensions be
different from the identity? For those experi-
enced in quantum physics, rotating a spin 1/2
electron by 2π changes the sign of the wavefunc-
tion. This is because the spin wavefunction is
represented not by a vector, but by a 2× 2 uni-
tary matrix in SU(2), and there are two SU(2)
matrices for every rotation in SO(3). Similarly,
in our problem for every rotation g in D3 there
are two rotations ±g in Dic3: the 12-element di-
cyclic group, which is the first homotopy group
for our dihedral liquid crystal.39 The multipli-
cation rules for Dic3 are

Dic3 =
〈
x, a

∣∣∣ x2 = −1, a3 = −1, xax−1 = a−1
〉

(N1.24)

39Mermin tells us [14] that the order parameter space of our dihedral liquid crystal is SO(3)/D3 (the continuous broken symme-
try modulo the residual symmetry group). The first homotopy group of a simply–connected group modulo a discrete subgroup
is the discrete subgroup—but SO(3) is not simply connected. He prescribes using the simply-connected universal cover SU(2),
and the corresponding discrete group Dic3. Thus Π1 (SO(3)/D3) ∼= Π1 (SU(2)/Dic3) ∼= Dic3.
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Here we presume that a corresponds to a 1/3
counter-clockwise turn. (We will not write out
the whole multiplication table.)
(d) View the defect in Fig. N1.23(a) as three
1/3 counterclockwise turns. What is the homo-
topy group element in Dic3 for the defect? How
did lifting to Dic3 fix the problem we had in part
(c)?
The rotation of the molecular orientation by 2π
gives a net minus sign, just as for an electron
spin.
Now we still need to understand how the two
defects in Fig. N1.22, with different group ele-
ments (in both D3 and Dic3), can be the same
defect. Mermin tells us that defects with non-
abelian homotopy groups are not classified by
their homotopy group elements, but by the con-
jugacy classes of the group. The conjugacy
classes are subsets of the group whose elements
are related by conjugation. Two group elements
g and h are said to be conjugate if there exists
a group element γ such that h = γgγ−1.
(e) Show in complete generality that the iden-
tity element g = 1 of a homotopy group is the
only element in its conjugacy class. Interpret
this physically: can there be two different ways
of having no defect? One can check that −1
commutes with all other group elements, imply-
ing that it too is the only element in its class.
Do the two defects in Fig. N1.22 indeed lie in
the same conjugacy class?
(f) What is the homotopy group element β ∈
Dic3 for the defect in Fig. N1.22(a)? The two
defects in that figure combine to form no defect,
so the defect in Fig. N1.22(b) must have homo-
topy group element β̂ = β−1. Find a group ele-
ment γ that shows β̂ = γβγ−1.
Is there a physical reason for this peculiar con-
jugacy class40 criterion? Indeed: it is precisely
the transformation of the defect β when it braids
around another defect γ.
Braiding41 in three dimensions is associated
with hair-styling: you take two or more strings
of hair or string and weave them over and under

one another to form a kind of rope. If we move a
point defect with strength β in two dimensions
around another defect α (with the necessary
continuous readjustments of the order param-
eter fields), we can view the process as braiding
in space-time.

x 12 3

�

✁

x

x

x

(a)

(d)

(b)

(c)

Fig. N1.24 Braiding two defects. (a-d) can rep-
resent the motion of a red two-dimensional point
defect around a brown defect in time, or a red line
defect curling around a brown line defect in three
dimensions. (a) The red defect has strength β, mea-
sured by the path beginning and ending at X. (The
connection to X makes this a based homotopy class,
which is important for the argument but not cru-
cial here.) (b-c) The defect is continuously dragged
around the brown defect of strength α. The mea-
sured strength cannot change, either as the red de-
fect continuously is dragged, or as the path anchored
at X is continuously modified to surround β with-
out touching α. (d) When the red defect returns to
its original position, the original path 2 may mea-
sure a different strength β̂ than β measured by the
deformed path (1 → 2 → 3).

Figure N1.24 visually argues that a defect β en-
circling a defect α indeed changes its homotopy
group element.42 It argues that the original
path β deforms into another path (in the same
homotopy class) as the defect circumnavigates
α. This path becomes the product of three sim-
pler loops.

40The conjugacy classes of Dic3 are as follows:

C0 = {1} , C0 = {−1} , C1 =
{
a,−a2

}
, C2 =

{
a2,−a

}
,

Ceven =
{
x, xa2,−xa

}
, Codd =

{
xa,−x,−xa2

}
.

(N1.25)

41Braiding is important for the study of anyons. Nonabelian braiding is important for topological quantum computing.
42 We found in Fingerprints (Exercise 9.17) that moving a dislocation around a disclination can change the sign of its Burger’s
vector. This too is due to a non-abelian homotopy group, discussed by Poenaru et al. [16] in one of the founding papers in this
field. They find that the combined order parameter space of rotations and translations relevant for fingerprints is the Klein
bottle. Its first homotopy group is nonabelian, which provides an explanation for the dislocation annihilation in Fig. 9.36.
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(g) In Fig. N1.24(d), what homotopy group el-
ements g1, g2, and g3 correspond to the three
segments of the path? (The labels β̂ and α sug-
gest the answers for two of the three.) What is
β, in terms of g1, g2, and g3?

43 What is β̂ in
terms of β and α?
The schematic of braiding in Figure N1.24 is
translated into a real configuration of our order
parameter with two defects in Figure N1.25.

(a) (b) (c)

Fig. N1.25 Braiding in practice. (a) The
order parameter field in the vicinity of two de-
fects. (b) The order parameter field after one de-
fect has been pulled a quarter-way around the other.
(c) The resulting order parameter field after the
braiding process. Also, view the evolution of the or-
der parameter in time at the course Web site [19].

(h) What is the homotopy group element β ∈
Dic3 of the left defect in Fig. N1.25(a)? What
is the element α for the defect in the center of
the figure?44 The central brown defect does not
change during the braiding process, just as in
Figure N1.25. What is the homotopy group ele-
ment β̂ for the left defect in frame (c)? Use the
group multiplication rules (eqn N1.24) to verify
that your prediction in part (g) for β̂ is correct.

(N1.18) Light proton tunneling. (Dimensional anal-

ysis) ⃝3

Rydberg

0a

Fig. N1.26 Atom tunneling. A hydrogen atom
tunnels a distance a0, breaking a bond of strength
Ebind equal to its ionization energy.

In this exercise, we continue to examine a paral-
lel world where the proton and neutron masses
are equal to the electron mass, instead of ∼2,000
times larger.
With everything two thousand times lighter,
will atomic tunneling become important? Let’s
make a rough estimate of the tunneling suppres-
sion (given by the approximate WKB formula
exp(−

√
2MVQ/ℏ)).

Imagine an atom hopping between two posi-
tions, breaking and reforming a chemical bond
in the process—an electronic energy barrier, and
an electronic-scale distance. The distance will
be some fraction of a Bohr radius a0 and the
barrier energy will be some fraction of a Ryd-
berg, but the the atomic mass would be some
multiple of the proton mass.
In our world, what would the suppression factor
be for an hydrogen atom of mass ∼Mp tunnel-
ing through a barrier of height V of one Rydberg
= ℏ2/(2mea

2
0), and width Q equal to the Bohr

radius a0? How would this change in the parallel
world where Mp → me? (Simplify your answer
as much as possible.) (Use the real-world45

a0 and Rydberg for the parallel world, not your
answers from a previous exercise. Also please
use the simple formula above: don’t do the in-

43 It turns out that there is ambiguity in whether a concatenation of two loops (traveling along 1 and then 2) with homotopy
elements g1 and g2 corresponds to a single combined loop with homotopy element g1g2 or g2g1. However, once a convention is
chosen, the element assigned to the concatenation of several loops g1, . . . , gn is fixed. You are free to choose this convention.
44The element assigned to this defect also depends on multiple conventions, including whether the molecules in Fig. N1.25
rotate up or down in the third dimension. Your choice of convention will affect the element α, but not the result of the braiding
β̂.
45The reduced mass effects you found in the earlier exercise will be much less important for larger atoms and molecules, so we
shall not include them here.
46Developed in collaboration with John Stout, Fall 2013.
47The footnotes in this problem are meant as inspiration—tying it to fundamental ideas in theoretical physics. None of the
footnotes are necessary or useful for solving the problem—ignore them if you wish.
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tegral. Your answer should involve only two of
the fundamental constants.)

(N1.19) Supersymmetric harmonic oscillator.46

(Quantum, Supersymmetry) ⃝3
One of the main predictions of supersymmetry47

is that each particle comes with a supersymmet-
ric partner with the same mass but with op-
posite statistics.48 For example, the fermionic
electron is paired with the bosonic selectron.
Supersymmetry is also a potential symmetry
of nature, with an unusual connection to the
translational symmetries in space and time (the
Poincaré group). Finally, supersymmetry allows
one to calculate remarkable things about certain
Hamiltonians. In this exercise, we shall explore
a “zero-dimensional”49 example of a supersym-
metric Hamiltonian, and try to illustrate each
of these features of supersymmetry.50

Remember the commutation relations for cre-
ation and annihilation operators suitable for
bosons

[a, a†] = 1 [a, a] = [a†, a†] = 0, (N1.26)

and fermions

{b, b†} = 1 {b, b} = {b†, b†} = 0. (N1.27)

where [A,B] = AB−BA is the commutator and
{A,B} = AB + BA is the anticommutator.51

For this simple example, we take our bosons and
fermions to be noninteracting, so their creation
and annihilation operators commute,

[a, b] = [a, b†] = [a†, b] = [a†, b†] = 0. (N1.28)

In one dimension, the Hamiltonian of the sim-
ple harmonic oscillator of frequency ω can be
written either in terms of x and p:

HB = p2/2m+ 1/2mω
2x2 (N1.29)

or in terms of the creation and annihilation op-
erators

HB = ℏω(a†a+ 1/2). (N1.30)

Here 1/2ℏω is the ground state energy of the
harmonic oscillator—the zero-dimensional ana-
logue of the vacuum energy in field theory.
The harmonic oscillator Hamiltonian can be
written in a more symmetric way by using the
anticommutator.
(a) Show that HB = 1/2ℏω{a†, a}. Is the vacuum
energy still 1/2ℏω?
Note that we’re now calling the ladder operators
a and a† creation and annihilation operators.
In this new language, the nth excited state of
the harmonic oscillator can be viewed as a state
with n bosons.
Define a “fermionic harmonic oscillator” in anal-
ogy to the bosonic one, HF = 1/2ℏω[b†, b]. Again,
we can view the nth excited state as a state of
n fermions.
(b) What is the ground state energy of HF ?
How many fermions are in the ground state, in
this new language? What is the energy of the
state with one fermion?
(c) If we write the zero-fermion state as52 |0⟩ =
( 0
1 ) and the one-fermion state as |1⟩ = ( 1

0 ),

48Supersymmetric partners have the same mass as long as supersymmetry is unbroken. We expect supersymmetry to be spon-
taneously broken at low energy scales, given that we have not yet detected any supersymmetric partners of the Standard Model
particles.
49We often talk about quantum field theories in d spatial dimensions and one time dimension as d+1-dimensional field theories:
our space-time is thus 3+1 dimensional. We can view nonrelativistic quantum mechanics as a d = 0 quantum field theory, and
it is in this regard that we consider the supersymmetric Hamiltonians described here as “zero-dimensional” or 0+1-dimensional.
50There are a number of discussions of the supersymmetric harmonic oscillator and zero-dimensional supersymmetry in the
literature and on the Web. Feel free to consult these. If you find one particularly useful, reference it properly in your writeup.
51Be sure to avoid getting confused by our multiple uses of the terms boson and fermion in this exercise. There are really three
different ways we use the terms, each extremely useful and compelling. They are:

(a) the objects which vibrate or have spins, that produce
harmonic oscillators or two-state systems,

(b) the ’primitive’ bosons (and fermions) which are excita-
tions within a harmonic oscillator (e.g., N bosons = Nth
excited state inside the vibrating object)

(c) the composite objects inside the supersymmetric Hamil-
tonian that merge zero or more ’primitive’ bosons and
fermions.

52Here we use the convention |1⟩ =
(
0
1

)
and |0⟩ =

(
1
0

)
, instead of the notation used in quantum computing.
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then write b, b†, and HF in terms of the three
Pauli matrices σx, σy, and σz. Check that your
form for b and b† satisfy the anticommutation
relations of eqn N1.27 (Remember σx = ( 0 1

1 0 ),
σy =

(
0 −i
i 0

)
, and σz =

(
1 0
0 −1

)
.)

We can write our first supersymmetric Hamilto-
nian by adding the boson and fermion harmonic
oscillators:

HS = HB +HF = 1/2ℏω
(
{a†, a}+ [b†, b]

)
.

(N1.31)
Note that the ground state energy for this
Hamiltonian is zero.53

This supersymmetric Hamiltonian is not partic-
ularly difficult to solve. Because there is no
interaction between the bosonic and fermionic
parts of the Hamiltonian, the solution separates
and the eigenstates are just products ψ(x)χ(s),
and the energy of the eigenstate is the sum of
the Fermi and Bose energies.
Remember that a composite particle with an
odd number of primitive fermions is a fermion—
so half of our eigenstates represent composite
bosons, and half represent composite fermions.
(d) Solve for the energies for the eigenstates
of HS. Which eigenstates represent composite
fermions? Which composite bosons? Draw the
level diagram for HS, with the first few compos-
ite boson eigenenergies as a column of horizon-
tal lines on the left, and the first few compos-
ite fermion eigenenergies on the right. On each
line, write the number of primitive bosons and
fermions making up the composite. Is there a
composite fermion state for each composite bo-
son state? What state is the exception? We
shall hitherto drop the “composite” label. If we
interpret the energy of a state as the mass of
a particle54 , supersymmetry gives us for every
fermion a boson with the same mass.

The fact that our Hamiltonian has (almost) one
fermion state for each boson state is a result of
an unusual symmetry of the Hamiltonian. To
see this, let’s define an operator, called the su-
percharge,

Q = b

(
p√
m

+ i
√
mωx

)
= i

√
2ℏωba†. (N1.32)

(Remember that x =
√

ℏ/2mω(a† + a) and
p = i

√
mωℏ/2(a† − a).)

(e) Show that [HS , Q] = 0. (Hence Q is a sym-
metry of the Hamiltonian.) Show that Q acting
on a fermion state gives a constant times a bo-
son state of the same energy, and that Q† acting
on a boson state almost always gives a constant
times a fermion state of the same energy. Which
of the ground states is the exception to this rule?
Show that this ground state is an eigenfunction
of Q and Q† with eigenvalue zero.55

Supersymmetry has been shown (by Haag, Lo-
puszanski, and Sohnius56) to be the only way
to consistently extend the symmetries of space-
time. Spacetime has a spatial translational sym-
metry (with an associated conserved momen-
tum), a time-translational symmetry (associ-

53That is a hint for part (b).
54We can motivate this by remembering that we are dealing with a theory with zero spatial dimensions, and so the usual
relativistic energy of a particle (which should correspond to a eigenstate of our Hamiltonian) E =

√
p2c2 +m2c4 reduces to

E = mc2. We often interpret the mass of a particle as being the energy required to create a “copy” of the particle at rest, and
it is analogous to the band gap energy in semiconductors.
55QΨ = 0 gives us a first-order differential equation which can be directly integrated to obtain this ground state wave function!
This trick extends to field theory applications too—yet another way in which supersymmetry simplifies theorists lives.
56The story starts with the Coleman-Mandula no-go theorem in 1967. (According to n-Lab, a no-go theorem is “any theo-
rem...that shows that an idea is not possible even though it may appear as if it should be.” Thus Bell’s theorem is a no-go
theorem dictating the impossibility of local, hidden variable theories that reproduce the predictions of quantum mechanics.)
The Coleman-Mandula theorem tells us that in a realistic quantum field theory, space-time symmetries (like the Lorentz group)
can only be combined with internal symmetries (like the SU(3) of the strong interaction) in a trivial way (so that the total
symmetry group is (space-time symmetry)×(internal symmetry group).
How did the no-go theorem go? You may remember, according to Noether’s theorem, that all continuous symmetries are
associated with conserved quantities: thus momentum and energy are the conserved quantities related to translations in space
and time, and conversely p and H (or P j and P 0 in four-vector notation) generate infinitesimal space and time translations.
Coleman and Mandula showed that spacetime symmetry generators had to commute with generators of any new internal
symmetries represented by commutation relations.
Haag, Lopuszanski, and Sohnius were able to skirt the Coleman-Mandula theorem by avoiding the hidden assumption that the
new symmetry had to obey commutation relations: the new supersymmetries involve anticommutation relations. In fact, they
were able to show that this is the only way of extending the Poincaré group for consistent, interacting quantum field theories
with massive particles.
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ated with the conserved energy, with the Hamil-
tonian giving the infinitesimal time-translation
operator), and other symmetries (rotations and
relativistic boosts). Combining these symme-
tries gives us the Poincaré group.
In our “zero-dimensional” harmonic oscillator,
only the time-translational symmetry remains
from the Poincaré group. How does supersym-
metry extend time-translation invariance? Can
we somehow create a time translation by super-
symmetrically transforming it?
(f) Show that HS = 1/2{Q,Q†}. We see that
a combination of two supercharges generates a
time translation!
The supersymmetric harmonic oscillator we
looked at above may seem pretty trivial: how
hard is it to get degenerate states when all states
have the same energy splitting?
However, we can generate lots of interacting su-
persymmetric Hamiltonians by specifying a su-
percharge

QW = b

(
p√
m

+ i
√
mW ′(x)

)
(N1.33)

where W ′(x) = dW/dx, and requiring that
HW = 1/2{QW , Q†

W }, where the real function
W (x) is called the superpotential.
Our Hamiltonian HS can be viewed as the spe-
cial case of W (x) = 1

2
ωx2. Note that our super-

potential need not have units of energy.
(g) Show that QW and HW are 2×2 matrices

HW =

(
H1 0
0 H2

)
QW =

(
0 0
A 0

)
.

(N1.34)

where the elements of the matrices are functions
of p and x. (Hint: Remember p = −iℏ∂/∂x.
You might check this against the Web, which
has different units.)
There is a lovely relationship between the eigen-
values and eigenfunctions of H1 and H2, two
seemingly different Hamiltonians. Let Ψ

(1)
n (x)

and Ψ
(2)
m (x) be the n-th and m-th eigenfunc-

tions of H1 and H2, respectively.
(h) Using the fact that [HW , QW ] =

[HW , Q†
W ] = 0, show that A†Ψ

(2)
m (x) is an

eigenstate of H1 and AΨ
(1)
n (x) is an eigenstate

of H2. (Thus, if we know the eigenfunctions

and eigenenergies of one of the Hamiltonians,
we know them for the other.)
Let us work out a specific example. Consider
W ′(x) = (πℏ/mL) cot(πx/L).
(i) Show that H1 is the particle-in-a-box Hamil-
tonian (Fig. N1.27) shifted by a constant to set
its ground state energy to zero. Show that H2 is
a Hamiltonian with potential57

V (x) =
π2ℏ2

2mL2

(
2 csc2

(πx
L

)
− 1

)
. (N1.35)

Using the first excited state Ψ
(1)
2 (x) =√

2/L sin(2πx/L) of H1 and the operator A,
generate the ground state of H2 and show that
it is proportional to sin2(πx/L). Explicitly show

(taking the derivatives) that AΨ
(1)
2 (x) is an

eigenfunction of H2 and thus verify that its en-
ergy is the same as that of Ψ

(1)
2 .

Fig. N1.27 Supersymmetric eigenenergies
and eigenstates. (Left) Eigenstates for H1, the
square well potential, displaced vertically by their
eigenenergies. (Right) Eigenstates for H2, the csc2 x
potential, which is the supersymmetric pair for the
square well.

While supersymmetry may not exist in nature,
it has proved to be an excellent tool for gaining
insight into the way theories with gauge sym-
metry behave. (For example, we have no proof
that the strong interaction confines quarks, but
Seiberg and Witten were able to demonstrate
confinement in certain supersymmetric theo-
ries.) It also has allowed physicists to prove the-
orems in pure mathematics. Ed Witten, high-
energy theorist at the Institute for Advanced
Study, was awarded the Fields Medal (the No-
bel equivalent in math) for his use of supersym-
metry to figure out topological properties of a
manifold (such as the Euler characteristic, re-
lated to the number of holes or handles a man-
ifold has) by using the difference in the number

57Note that the Ψ = 0 boundary conditions for the two Hamiltonians are the same for both H1 and H2.
58E. Witten, Supersymmetry and Morse Theory, J. Diff Geom. 17, 661–692 (1982).
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of zero-energy fermion and boson wavefunctions
on it.58

(N1.20) Beer. ⃝3
We shall experimentally explore the statistical
mechanics of beer. To explore all aspects, you
will need

• Warm and cold non-alcoholic beer, in bot-
tles or cans. It should not be too filtered,
so that the head of beer is stable for some
time. (Sodas will not work well.)

• Disposable transparent cups, spoons, bot-
tle opener if necessary,

• Salt, sugar, and sand,

• A tub or pail to dispose of liquids.

Avoid shaking the beer before opening. (We will
shake it later.) Carefully open a beer, catching
any overflow in the cup. Notice there is a pres-
sure release upon opening.
Rigidity transition.
(a) Pour a small fraction of the beer into the
cup from a height, to stimulate the formation of
a good head (the foam of bubbles at the top of
the beer). Pick up a dollop of the foam with a
spoon. Does it flow like a liquid, or mound up
like a solid? Are the bubbles in the fluid rigid
in any way? When do the bubbles go from a gas
or liquid state without rigidity, to a rigid (soft)
solid?
The head of the beer is likely a fairly dry foam,
with little extra water between the bubbles. As
the foam becomes “wetter”, the bubbles can
slide more easily.
(b) Must there be a phase transition where the
bubbles first become rigid? (See Exercise N1.7)
Coarsening.

(c) Examine the head of the beer (pouring your-
self a new small amount if necessary). Watch
the bubbles evolve with time. Are they getting
larger? You will likely first notice the large bub-
bles at the top popping. But also look for the way
small bubbles inside merge and become larger.
We often study how bubbles with walls that do
not pop coarsen from CO2 diffusing through the
bubble walls (see Exercise N1.6).
Nucleation.
(d) Looking through the transparent cup, are
new bubbles forming deep the beer, or at the bot-
tom and sides of the cup? Why might that be?
(See Exercise N1.5)
(e) Try adding salt or sugar to the beer. Does
that lead to more bubbles forming? How might
you test why they form? Is it because of the new
dissolved ions and molecules in the liquid, or be-
cause the grains act as nucleation sites? (Hint:
Try sand.) Relate your discovery to cloud seed-
ing, used to fight droughts.
Thermodynamics.
CO2 in water acts like a nearly ideal gas, ex-
cept that the molecules have a chemical poten-
tial µ due to their interactions with the wa-
ter molecules. So inside the fluid, PCO2V =
N(kBT−µ). Here PCO2 is the partial pressure of
carbon dioxide in the fluid. (See Exercise N1.5)
(f) Make sure your bottle or can is mostly empty
(at most half full). Blocking the opening with
your thumb, shake it gently until it fills with
foam. The foam forms because the free energy
release per CO2 molecule leaving the beer is big-
ger than the work PatmdV of blowing up the
bubble. Which is larger, the partial pressure of
carbon dioxide in the beer, or atmospheric pres-
sure? Discuss the relation of bubble formation
to the boiling of water.
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