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- Mermin-Wagner theorem : Continuous symmetries
cannot be spontaneously broken at finite
temperature in systems with sufficiently short-range
interactions in dimensions d < 2.

* Intuitively, this means that long-range fluctuations
IS there d phase can be created with little energy cost and since they
transition? increase the entropy they are favored. (See Section

2.5 of the pre-class reading )

So, naively, the 2D XY model should have no phase
transition!
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https://en.wikipedia.org/wiki/Spontaneously_broken

For low temperatures, we can think of # as a field and write the Hamiltonian
as:

—BH = g f d*x (V6)?

The XY model
at low (S(0) - S(x)) = Re (0= = Re [€—<(9(0)—9(x))9>/2] |

temperatures

In section 2.5 we saw that in two-dimensions Gaussian fluctuations grow logarithmically
((0(0) — 0(x))?)/2 = In(|x|/a) /27K, where a denotes a short distance cut-off (i.e. lat-
tice spacing). Therefore, at low temperatures the spin-spin correlation function decays
algebraically as opposed to exponential.
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1. Now you can expand the Hamiltonian in powers of K., since the coupling

between spins can be assumed to be weak in high temperatures. Ezpand
upto O(K).

2. Write the partition function in this approximation:
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Using Z, evaluate (Sg.Sy)

How about
high

.
)

temperatures?

Hints:

27

T do; ;
/ (—— cos(f; — 6;) =0
70

.

27

S )8 1
/ Ik cos(0; — 0y)cos(0 — 0,) = 5 cos(0; — 0;)
0
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Answers:

ZZ/QWH /%Hg’?_ﬂ [1 4+ K cos(6; — 0;) + O(K?)]

How about
high

K
temperatures? (So - Sx) ~ (2) ~ exp [—[x[/¢]

Exponential Decay!

Hence Phase Transition?
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No continuous deformations possible
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n. .
e, X €,

%V@ dl =2 = V=

r

The energy cost from a single vortex of charge n has contributions from the core region,
E f th . as well as from the relatively uniform distortions away from the centre. The distinction

n e rgy O IS between regions inside and outside the core is arbitrary, and for simplicity, we shall use a
circle of radius a to distinguish the two, i.e.

K
BE, = BE"(a) + % dx(V0)?

(i}

configuration
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Energy of this

configuration
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%V@ cdl =2 — V= :ér X €,

T

The energy cost from a single vortex of charge n has contributions from the core region,
as well as from the relatively uniform distortions away from the centre. The distinction

between regions inside and outside the core is arbitrary, and for simplicity, we shall use a

circle of radius a to distinguish the two, i.e.

K
BE, = BEY(a) + % / dx(V0)?

(i}

L
— BEE,(&) + WE{'}’?.Q Inl —
a

Mitrajyoti Ghosh, Cornell University

10



A naive
analysis of the

one vortex
partition
function
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Coulomb Gas?
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- We talked about topological charges — we saw that they behave
somewhat like electric charges since we saw that:

VXE=0
V.E = 2nné2(%)

Where E,, = vy, and E), = —v,
We can therefore define: E = —Vy, forascalar y
1

After a redefinition K — pel we would have:

1
F=[d*x 2—92(\7)()2
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The Free
Energy and the

Partition
Function
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(1
i#] i

1 X — X
F= [ - SV B = 53y log (' J') £ 3 02 e
(

We assume a dilute gas model, where defects of the same charge repel

each other strongly and are typically far apart, and defects of opposite
charges that are close together annihilate.

Zeortex ~ Z exp ( Zp Vs log (\X Xs|) ZI QFCn::-re)

{Va} a#B
Where V, = —1,0,1
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A Sneaky trick!
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Lyortex ™ Z exXp ( Zl Vi B IOg (‘X XSl) Z V QFCDre)

{Va} a#f

/qu exp (—/dgr %(V@)Q +f(x)qb(x)) mc}){p( _:” /(121(121,' f(x )10g|x—y\f(y))

10rtexN Z/DG [\*p( /dgr _(

—Tz j —V ZFCOI'E)
{Va}
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1 27 )
Zyortex ~ Y / Do exp ( / Pz S(Vo)* + ) = Vata = ijcore)

{Va}

o 25 Vada+Vg Feore

: 1
“Slne_ Zvortex = /DO exp (—5 (FI‘ V(‘)
Gordon”- 1
= /D(;‘) exp (—3

Ization!
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The “Sine
Gordon”

Model
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; 1 ;
F:/d‘ax E(?qﬂ)j Acos([o)

2 5
‘}1‘ — _.-[3 Feore
ﬂ.ﬂ

- We treat the cosine term as a perturbation to the gradient part of

the Hamiltonian in order to perform our RG operations on the
coupling constants.
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Momentum
Space

perturbative
NE
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We want to integrate out momenta in a shell given by:
A/ < k<A

We have
BH[¢) = BHy || + U[]

where
¢ = ¢~ () + ¢ (x)

A calculation of the partition function upto first order in A allows us to write:

BH. = Hy|¢p<] + (U)> + const.

U)~ = Mcos(pe + ¢=))s = )\C_-Hzf"l“ cos(Bod<)

(geos] Mo« (@) + 0 (@))])s = gRe [¢A0<@)(Po=() ]
= ge M @2@)/2 cos(\p ()
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Momentum
Space

perturbative
NE
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Therefore, as a result of the coarse graining,
)[4 2 1 2 8% /Ax Yy
Flp<] = [ d°x E(fof{) AQ cos(Bo<)
Now x —» x" = x/(, and so:

‘ 5 |1 r a2
Flo<] = ["izx;qz [E(Vd}q)z NP/ f:u:)ﬁ(ﬁq-i:,::)]

This gives us: | A(() = Ao((2—A°/4m)

So Aisirrelevant for g% < g and relevant otherwise!
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COndUSiOnS * Aisirrelevant

:  Upon subsequent RG
frOm ﬂ rst Order transformations, the free
RG . energy is dominated by the

gradient terms

* As we have seen before, this
implies a power law fall-off
of correlations

2
>_
g -3
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* Ais now relevant

- Upon subsequent RG, the

free energy has increasing
cosine contribution.

- Expanding about the

vacuum, will give terms like
¢? which lead to exponential
fall-off of correlations
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A cross-check:
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™2 L
T —|_ F core
(1

1 5 5
Fyortex = 2—'92 d“x (Vﬁ) = ? lgg

2
Zi(n) = (é) exp [—‘3E2(a) —mhn*ln (%N

L_ 2 € vortex .E-_FCDI'E' L Q—W'fg
nvortex) = =) —  —— | =
plvortex) = (=) — . (

We see that, when g% surpasses a critical value,

-
92>9§{T:§

then there is no suppression of vortices; their entropy, coming from the fact that they
can sit anywhere on the plane, wins out over their energetic cost. As in the previous

section, g? can be viewed as the temperature of the system, and g&7 translates into
a temperature scale Tk, above which vortices proliferate.
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