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The 2-D XY Model 

 A system of continuous spins in a 2 dimensional lattice, 
with only nearest neighbor interactions between the 
spins.

 For purposes of today’s treatment:
 The lattice is square, with length 𝐿, lattice spacing 𝑎.

 The Hamiltonian governing the system is shown on the 
right.
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Is there a phase 
transition?

 Mermin–Wagner theorem : Continuous symmetries 
cannot be spontaneously broken at finite 
temperature in systems with sufficiently short-range 
interactions in dimensions 𝑑 ≤ 2.

 Intuitively, this means that long-range fluctuations 
can be created with little energy cost and since they 
increase the entropy they are favored. (See Section 
2.5 of the pre-class reading )

So, naively, the 𝟐𝑫XY model should have no phase 
transition!
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https://en.wikipedia.org/wiki/Spontaneously_broken


The XY model 
at low 
temperatures
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How about 
high 
temperatures?
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How about 
high 
temperatures?
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Answers:



No continuous deformations possible
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Vortices:

 We talked about vortices and what they are 
in the pre-class exercise.



 𝒗 = 𝛁𝜃

 𝛁 × 𝒗 = 2𝜋𝛿2(𝒙)

 𝛁. 𝒗 = 0
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Energy of this 
configuration
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Energy of this 
configuration

11/21/2017 Mitrajyoti Ghosh, Cornell University 10



A naïve 
analysis of the 
one vortex 
partition 
function
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High 𝐾 Low 𝐾



Coulomb Gas? 

 We talked about topological charges – we saw that they behave 
somewhat like electric charges since we saw that:

𝛻 × 𝐸 = 0

𝛻. 𝐸 = 2𝜋𝑛𝛿2( Ԧ𝑥)

Where 𝐸𝑥 = 𝑣𝑦 and 𝐸𝑦 = −𝑣𝑥

We can therefore define: 𝐸 = −𝛻𝜒, for a scalar 𝜒

After a redefinition 𝐾 →
1

𝑔2
, we would have:

𝐹 = ∫ 𝑑2𝒙
1

2𝑔2
𝛻𝜒 2
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The Free 
Energy and the 
Partition 
Function
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We assume a dilute gas model, where defects of the same charge repel 
each other strongly and are typically far apart, and defects of opposite 
charges that are close together annihilate.

Where 𝑉𝛼 = −1,0,1



A Sneaky trick!
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“Sine-
Gordon”-
ization!
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The “Sine 
Gordon” 
Model

 We treat the cosine term as a perturbation to the gradient part of 
the Hamiltonian in order to perform our RG operations on the 
coupling constants.
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Momentum 
Space 
perturbative 
RG
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Momentum 
Space 
perturbative 
RG
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So 𝜆 is irrelevant for 𝑔2 <
𝜋

2
and  relevant otherwise!



Conclusions 
from first order 
RG:

𝒈𝟐 <
𝝅

𝟐

 𝜆 is irrelevant

 Upon subsequent RG 
transformations, the free 
energy is dominated by the 
gradient terms 

 As we have seen before, this 
implies a power law fall-off 
of correlations

𝒈𝟐 >
𝝅

𝟐

 𝜆 is now relevant

 Upon subsequent RG, the 
free energy has increasing 
cosine contribution. 

 Expanding about the 
vacuum, will give terms like 
𝜙2 which lead to exponential 
fall-off of correlations 
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A cross-check:
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