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Introduction

Functional Methods and Notation

o Partition function (finite temperature): Z = Tre " = § Dp e S(%).
> Expectation values: ((x)) = 2Tr (x) e ?H = 1 § Dy (x) e=5(%).
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Functional Methods and Notation

o Partition function (finite temperature): Z = Tre " = § Dp e S(%).
> Expectation values: ((x)) = 2Tr (x) e ?H = 1 § Dy (x) e=5(%).

o Generating functional (zero temperature): Z[J] = [ Dy e~ Slel+ [ dx(:)J(x)

1 i) = z(o] .
0

» Vacuum correlation functions: {¢(x1)...¢0(xn)) = 0 5700) 50

J=
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Introduction

Functional Methods and Notation

o Partition function (finite temperature): Z = Tre " = § Dp e S(%).
> Expectation values: ((x)) = 2Tr (x) e ?H = 1 § Dy (x) e=5(%).

o Generating functional (zero temperature): Z[J] = [ Dy e~ Slel+ [ dx(:)J(x)

» Vacuum correlation functions: (¢(x1)...0(xp)) = ﬁ % o= zmo] .
Statistical Physics Quantum Field Theory
Partition Function: Z = Tre A" Generating Functional: Z[J] = [ Dy e SlFl+(J)
Helmholtz Free Energy: F = —% InZ Schwinger Functional: W[J] = In Z[J]
Gibbs Free Energy: G = F+pV Effective Action: T[¢] = sup ([ Jo—W[J])
J
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Introduction

Functional Methods and Notation

Properties of the effective action:

i) = sup [ 36—

e If maximum exists: ¢ = () .
e 1Pl diagrams: T("[¢].
» Full propagator: G(x,z) = (F(2)[¢])71 (x,y).

n>2: TM[B](x1...x,) =
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Flow Equation for the Effective Action

Derivation of the Flow Equation

Idea:

guantum effective
action microscopic action

r[Cb] = rk—>0[¢] rk[¢] rk—>oo[¢] - 5[¢]

k=0 Ak k — oo
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Flow Equation for the Effective Action

Derivation of the Flow Equation

e Regulated Schwinger Functional:

Wil = ZJ] = e~ ASKH] Z[J] = / Dy o Slel—-ASK[el+ [ d¥xJ(x)p(x)
A
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Flow Equation for the Effective Action

Derivation of the Flow Equation

e Regulated Schwinger Functional:

Wil = ZJ] = e~ ASKH] Z[J] = / Dy o Slel—-ASK[el+ [ d¥xJ(x)p(x)
A

o Regulated effective Action:

rutel = sup ([ 46—} 5,10

e Regulator Function:

d
AS[p] = ;/ (Zﬂ?dw(—q)f?k(qz)@(q)

m R(g°)=0, lim Ri(q?)— o0

li i
k?/q2—0 k—N—o00

Conditi for Ri(g%): i Ri(q? 0
» Conditions for Rk(g?) qZ/qu]—>0 «(g) >0,
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Flow Equation for the Effective Action

Derivation of the Flow Equation

Wetterich equation

[Wetterich '93, Phys. Lett., B301:90-94]

1 kOkR
kDT lg] = 5'Tr kK

r[g] + R

k@k M=

N

Florian Theuss - Cornell University
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quantum effective

action microscopic action
I¢] = Tk—ol¢] Tel@]  Thooold] = S[4]
| 1 |
k=0 Ak k — oo

I'y=2 = Share

[Gies '06, hep-ph/0611146]
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Flow Equation for the Effective Action

Truncation Schemes

e Derivative expansion:

el = [t {Vido) + 3200,0°0%6, + {Yil0)0,00"0 + O |

e Expansion in powers of the fields:

ridel =3 o [ { TLd%s [609) - onl | )
n=0 j=0

Challenge: Find optimized regulator (Litim 2000, hep-th/0005245].
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O(1)-Model

Expansion Ansatz and Flow Equation for the Effective Potential

Ansatz:
e Local potential approximation of effective action:

rulol = [ x| V(o) + 50,0000
e Flat cutoff regulator:
Ri(p?) = (k* — p*)O(k* — p?)
kxR (p?) = 2k*0(k* — p?)

Ri(p?)
25
20
— k=5
N N k=4
........ k=3

T 1 2 B p s P
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O(1)-Model

Expansion Ansatz and Flow Equation for the Effective Potential

First order derivative expansion of effective action = f[qﬁ]‘ = V(¢) Volga

¢=const.

-1

Wetterich equation = V= VO} 1TI‘ RG with G = (I_(Q) + R)

A[6l(p.q) = (VO() + p2) (21)7 6D (p + q)
O(1)-symmetric potential: V = V/(p) withp = %2

Flow equation for the effective potential

. o Q kd+2 1
Vi(9) = e "7 i iR
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O(N)-Models

O(1)/lsing-Model - Results

T M:2\ T
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Flow from UV to IR.
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o Effective potential: V(p) = Z,’-\io %Pi

e Dimensions: D =3

e

— disordered
—— ordered
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O(N)-Models

O(1)/lsing-Model - Results

o Effective potential: V(p) = Z;Aio %p"
e Dimensions: D =3

Order M ‘ RG eigenvalue —y; of the critical direction critical exponent v = %
2 -1.84256 0.542722
3 -1.68572 0.593218
4 -1.58551 0.630711

Expected value (7 |OOpS, conformal mapping): [Guida, Zinn-Justin '98, arXiv:cond-mat/9803240]

v = 0.6304 + 0.0013
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Recent Applications

€2/3 e
E(k) BRYP {—,u(/\k)""ﬂ
Turbulence:

e Kinetic energy spectrum:
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Recent Applications

213 e
E(k) P {—;a()\k)‘”J
Turbulence:

e Kinetic energy spectrum:

E(f) (cm?s™)

Asymptotic safety in Quantum Gravity:

e Einstein-Hilbert Truncation: [y, = Wle f d4x\/§[R + 2Ak] + gauge fixing terms
e Dimensionless couplings:

» Newton Coupling: gx = k*>Gy

» Cosmological Constant: A\ = k—2/A,

= Non-Gaussian UV fixed point, attractive in g and A!

[FRG Meeting, March 2017, Heidelberg. http://www.thphys.uni-heidelberg.de/~frg-meeting/]
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