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We cast a non-zero-temperature analysis of the jamming transition® into the
framework of a scaling ansatz. We show that four distinct regimes for scaling
exponents of thermodynamic derivatives of the free energy, such as pressure, bulk
and shear moduli, can be consolidated by introducing a universal scaling function
with two branches. Both the original analysis and the scaling theory assume that
the system always resides in a single basis in the energy landscape. The two
branches are separated by a line T*(A¢) in the T'— A¢ plane, where A¢ = ¢ — @2
is the deviation of the packing fraction from its critical, jamming value, ¢2, for
that basin. The branch for 7' < T (A¢) reduces at T' = 0 to an earlier scaling
ansatz”® that is restricted to T = 0, A¢ > 0, while the branch for T > T*(A¢)
reproduces exponents observed for thermal hard spheres. In contrast to the usual
scenario for critical phenomena, the two branches are characterized by different
exponents. We suggest that this unusual feature can be resolved by the existence
of a dangerous irrelevant variable u, which can appear to modify exponents if the
leading w = 0 term is sufficiently small in the regime described by one of the two
branches of the scaling function.

Like crystallization, jamming provides a paradigm for how particulate systems
become rigid. For ideal spheres that increasingly repel each other as they over-
lap and do not interact if they do not overlap, the onset of rigidity with increasing
packing fraction at zero temperature T is discontinuous for the most stable possi-
ble state, the perfect FCC crystal, and critical for the least stable possible state,
the jammed state at the jamming transition at a packing fraction ¢..>* While
crystallization is a straightforward first-order transition, the extent to which the
jamming transition can be described within the framework of critical phenomena
is still unclear. Certainly, many quantities exhibit power-law scaling, but are those
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scalings consistent with universal scaling functions with associated scaling relations
among exponents?

In contrast to normal critical transitions, in which a diverging correlation
length corresponds to fluctuations that diverge at the critical point, the jamming
transition displays diverging correlations of fluctuations that wvanish at the tran-
sition.” Moreover, the jamming transition point depends on the history of the
material — the protocol with which one increases the density and decreases the
temperature to reach jamming. It is encouraging, however, that a universal scaling
ansatz? successfully described the zero-temperature elastic properties. Moreover, a
jamming-like transition in a diluted spring network® has been cast into a univer-
sal scaling form (see Supplement®) and since turned into a general linear response
theory.”8

The situation at non-zero temperature 7" is more challenging because the systems
are evolving with time. Work by De Giuli et al.! has bypassed this difficulty by
assuming that at 7 > 0, the system always resides in a given basin in the energy
landscape, whose jamming transition is at d)f. That is, they describe a system
near jamming using an effective contact network with contacts between particles
that collide. This description is valid on sufficiently short time scales where this
contact network does not change, analogous to methods developed to study stresses
in experiments measuring colloidal particle positions.” While this assumption must
break down at long time scales, it is reasonable to ask whether the scaling ansatz can
be extended to non-zero temperatures within this approximation. We note that the
zero-temperature scaling ansatz makes a similar approximation because the protocol
and sample-to-sample fluctuations of the critical jamming packing fraction ¢. are
swept under the rug by constructing a scaling ansatz in terms of A¢ = ¢ — ¢2,
where ¢ can vary among configurations {A}.

The theoretical arguments of De Giuli et al.! apply to systems of N soft, friction-
less spheres in a volume V' at temperature T. The packing fraction is ¢ = % > Vi,
where V; is the d-dimensional volume of particle . The spheres interact via pairwise
harmonic repulsions when they overlap, with a spring stiffness k. We introduce the
dimensionless free energy, pressure, shear stress, bulk modulus and shear modulus
using k with appropriate factors of D,ys, the average particle diameter, so that
F = free energy/kzDSWg7 p = pressure * D,y /k, etc. Note that we are departing
from the usual custom of using temperature 7' to construct a dimensionless free
energy; this is important because we specifically interested in describing behavior
at T = 0 as well as T > 0. Instead, we introduce the dimensionless temperature
T="T/ kDZ,.. The T = 0 scaling ansatz® is expressed in terms of these dimension-
less quantities for the same reason.

The marginal stability arguments and effective medium theory of De Giuli et al.!
suggest that there are four different scaling regimes in the T — ¢ plane,! Fig. 1
(top), only one of which is described by the existing scaling ansatz.? The predicted
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A¢

Fig. 1. Top: The phase diagram of De Giuli et al.> Different colors, separated by lines, indicate
four distinct scaling regimes, which are not necessarily separated by sharp phase transitions.
Bottom: The phase diagram corresponding to the scaling ansatz Eq. (1). The — branch reproduces
the scaling exponents of three of De Giuli et al.’s scaling regimes. The phase boundary lies along
a constant ratio T*/¢S+/% .+ = C* in the notation of Eq. (1) (see footnote a).

exponents in the different regimes are consistent with mean-field solutions for soft
spheres'® and the perceptron model,!! although these later investigations showed
only a crossover, not a sharp transition — perhaps the smearing expected by the
evolving landscape at finite temperatures.

The existence of four distinct scaling regimes all terminating at the same crit-
ical point could suggest rather exotic criticality. Here, we show that the results of
De Giuli et al.! are captured by a scaling function in a manner similar to that of
ordinary criticality, with two branches (Fig. 1, bottom) separated by a continuous
phase transition. This scaling function fully describe all of the scaling behaviors
seen near the jamming transition in the full space described by the jamming phase
diagram, namely temperature 7', shear strain ¢, and packing fraction A¢ = ¢ — ¢,
where ¢. is sample-dependent. Unlike in ordinary criticality, the two branches are
characterized by different exponents. We suggest that the difference in exponents
can result from the existence of a dangerous irrelevant variable u, which can appear
to modify exponents if the leading u = 0 term is small in the regime described by
one of the two branches of the scaling function.

Each state is also characterized by average number of interacting neighbors
per particle (the contact number, Z), which satisfies Z > Z.;, where Zi, =
2d — (2d — 2) /N approaches the isostatic value Zis, = 2d at the jamming transition
in the thermodynamic limit®'?; we define AZ = Z — Zuin. The scaling ansatz
of Ref. 2 was written for the elastic energy with the excess coordination beyond
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isostaticity, AZ, as the control parameter analogous to reduced temperature ¢ in the
Ising model. We will follow suit, constructing a scaling ansatz for the dimensionless
free energy F instead of the dimensionless elastic energy E in order to describe
behavior at T' > 0:

AZ%ox A7t TAZC
where + denote the two branches of the scaling function and the scaling exponents
for the two branches, (y, 04 +, dc + and 14, are to be determined. Equation (1) is
set up so that the leading singular part of the free energy in the thermodynamic
limit is proportional to AZ%*. Note that (4 also appear in the temperature scaling;
this follows simply from dimensional analysis.?

Note that the finite-size scaling is expressed in terms of the total number of
particles, N, instead of the system length, L ~ N4 We use N instead of L
because of arguments®'2 ' that the upper critical dimension for jamming is d,, = 2.

F(AZ,A(/),E,N,T):AZ%@( =i c_ Nazee, L ) (1)

Finite-size effects for d > d,, should scale with N with the exponent ¢ = d, v, where
v is the mean-field correlation length exponent.!®

The excess packing fraction A¢ and shear strain e in Eq. (1) represent com-
ponents of the same strain tensor (compression and shear, respectively) but are
allowed to scale differently. Note that we assume systems are prepared isotropically
so that different shear directions are statistically equivalent; this is why we represent
them with a single e. For systems prepared by shearing or by applying other loads,
a more complicated formulation of the scaling ansatz is needed. For the T" = 0,
¢ > ¢. case, Ref. 16 points the way toward such a formulation for shear-jammed
systems.

DeGiuli et al.! identified four regimes in the 7' — ¢ plane (Fig. 1, top): (1) The
regime “S0” in Ref. 1 corresponds to low T at ¢ > ¢.. The exponents in this
regime are those for T" = 0 soft spheres, described by the scaling ansatz of Ref. 2
(see Table 1 of Ref. 1 for a list of exponents in each regime). (2) A regime at
somewhat higher temperatures at ¢ > ¢., called “SE” in Ref. 1, or “entropic soft
spheres.” In this regime, the pressure is controlled by overlaps, but the vibrational
properties are strongly affected by thermal collisions. (3) An anharmonic regime
at packing fractions ¢ close to ¢. at non-zero T, called “AH” in Ref. 1. In this
regime, the pressure and other properties are purely entropic and controlled only
by T. (4) A regime at ¢ < ¢. and lower T, extending down to 7' = 0, called “HS”
in Ref. 1 because it is described by the exponents near the jamming transition for
thermal hard spheres. We will use the predicted exponents of De Giuli et al.! in
each of the four regimes to determine the exponents introduced in the scaling ansatz
and will show that they are fully consistent with the ansatz.

At T =0, ¢ > ¢, Eq. (1) reduces to the scaling ansatz already proposed
in Ref. 2, with F = & from Eq. (1) of Ref. 2. Therefore, the exponents for the
positive branch of the scaling function can be read off from Table 1 of Ref. 2: (. =4,
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0+ = 2, 0o+ = 3/2, ¥4 = 1. These exponents yield exponents for the pressure,
bulk and shear moduli, etc. that are in agreement with those listed in the SO regime
in Ref. 1; the exponents in this regime have been established for a long time.?> As
in Ref. 2, ¢ = dyvp, where vp is the exponent for the transverse length scale, /7.
This length scale characterizes the wavelength of transverse phonons at the boson
peak frequency, w*1"18: (1 ~ cr /w*, where the speed of transverse sound, cr, scales
as the square root of the shear modulus, G. Note that the boson peak frequency
corresponds to the Ioffe—Regel crossover frequency where the phonon wavelength
becomes comparable to the mean-free path between phonon scattering events.?
Thus, /7 also corresponds to the phonon mean-free path at w*. Equivalently, {1
corresponds to the length scale of correlations of polarization vectors in vibrational
modes at w*'?0 (their £gs(w*)). It is straightforward to show that ¢ ~ v/G/w*
has the same scaling as £g(w*) in Table 1 of Ref. 1 in all four regimes SO, SE, AH
and HS.

The next step is to calculate the exponents for the negative branch of the scal-
ing function. This can be done by comparing to exponents in the SE, AH or HS
regimes of Ref. 1. We will use the SE exponents and then show that the result-
ing exponents for the negative branch are fully consistent with the exponents for
the AH and HS regimes, as well, so that the negative branch describes all three
regimes.

We first consider the finite-size scaling behavior. The free energy must be con-
tinuous at all 7' > 0 for any ¢ for any system size N. This implies that we must
have equality of the finite-size scaling exponents for both branches: ¥_ = = 1.
This implies a correlation length exponent of v = ¢ /d,, = 1/2, just as in the SO
regime. From Table 1 in Ref. 1, we see that the length scale ¢p (£s(w*) in their
notation) scales as (T/Agb)%, where a = (1 —6.)/(3 4+ 0.) and 0. ~ 0.42 is the
exponent characterizing the low force tail of the force distribution in the mean-field
theory,?122 as well as in low dimensions when bucklers are excluded.?® Note that
AZ scales as (T/p)?’, where p ~ A¢ in this regime, where b = (1 + 6.)/(3 + 6.).
Thus, ¢ ~ AZ~1/2 so that vy = 1/2 = v. Thus, the relevant length scale con-
trolling finite-size effects in both the SO and SE regimes is the transverse length
scale {p.

The remaining exponents can be obtained by differentiating Eq. (1) and com-
paring with the scalings of Table 1 of Ref. 1. For example, by differentiating F with
respect to A¢, we find that the pressure satisfies p ~ AZ¢-=%.—_ But from Table 1,
we see that p ~ Ag ~ AZ%~ so (_ = 264 . But we also have AZ ~ (T/p)% ~
AZ6 JNZ?(C-=%6.-) ~ AZ?M0.~ . Thus, 64— = 1/(2b) = (3 +6.)/(1 + 6.) and
- =2(3+40.)/(1+6.). Similarly, 0. — = (2+6.)/(1 + b.).

It is straightforward to show that if one adopts the exponents from Table 1 of
Ref. 1 in the hard- sphere (HS) regime, one obtains the same values of the exponents
Y_, (—, 64— and J.,_. Moreover, by adopting these exponents and applying the
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Table 1. Values of critical exponents
for the two branches (+ and —) of the
scaling ansatz of Eq. (1).

+ —

2(34+6c)/(1 4 6¢)
0 2 (340e)/(1+06e)

(2460.)/(1+6e)
P 1 1

scaling ansatz in Eq. (1) at AZ =0, T > 0, where the behavior must be analytic,
one recovers the exponents for the anharmonic (AH) regime of Table 1 of Ref. 1.
Thus, three of the four regimes, HS, AH and SE, of Fig. 1 in Ref. 1 (the blue and
purple regions) all correspond to the negative branch of the scaling function with
identical exponents (for details, see Appendix A.2). The remaining regime (S0) is
described by the positive branch of the scaling function. In every regime, the length
scale controlling finite-size effects is the transverse length scale ¢ (¢g(w*) in the
notation of Ref. 1).

The free energy must be continuous everywhere, so the two branches of the
scaling function must yield the same free energy along a curve T*(Agp, ) for every
system size N. Here, we restrict ourselves to the case where ¢ = 0 and N — oo to
compare directly to the prediction of Ref. 1. Clearly, we must have

AZ<+f$°( co T >Az<f°°< L ) (2)

AZ%+ " AZC+ ~ \AZbe-" AZC-

Eliminating AZ from the equation (see Appendix A.1), we obtain

- AGS+/9s.+ - ApS—/0¢.—
T FE (LT* ) A (LT* )

Remarkably, we note that (4 /ds + = (—/dy,— = 2. If these ratios were not equal
for the two branches of the scaling function, continuity of F' would not be possible.
Equation (3) implies that T* ~ A¢?. This agrees with earlier predictions??2425
but differs from the results of Ref. 1, who found 7% ~ A¢(2~9)/(1-9): our argu-
ments reproduce their scalings without introducing this anomalous temperature

(3)

scale.

The resulting phase diagram in the T — ¢-plane is as depicted in Fig. 1. The
exponents are summarized in Table 1. The red regime is described by the positive
branch of the scaling function while the blue regime is described by the negative
branch. The curve T* ~ A¢ describes the boundary between the two branches. The
free energy is continuous at T, but its derivatives are not necessarily continuous
in the limit N — oo, so T*(A¢) is a line of phase transitions. This can be checked
by calculating derivatives of the functions Fy for different N and evaluating them
at T*.
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For jammed soft spheres, Goodrich et al.? argued for a scaling relation connect-
ing shear stress to the pressure:

SIN/p? = S (Np'/?). (4)

This holds for the positive branch of the scaling function. A consequence of the
scaling ansatz is that for the negative branch, there is anomalous scaling of shear-
stress fluctuations so that

$*N/p" = S_(Np™), (5)
at fixed T/A¢? or T/p?, where z = % ~ 2.17 and 2b = (1+6.)/(3+6,.). Since at

fixed p, T the correlation length is finite, the scaling function S_(X) must approach
a constant as X — oc.

As shown in Appendix A.3, for small |A¢|, the scaling ansatz predicts the anoma-
lous scaling

T/2 109

~ : (6)
N N
This is a slightly stronger scaling than equipartition for a fixed spring network,

820(

consistent with the thermal stiffening of the effective contacts.

We note that the critical exponents in our scaling function differ on the two
sides of the transition. There is a longstanding tradition in statistical mechanics of
allowing for this possibility, but almost always the exponents are the same — as
follows from the linearized flow of the renormalization group. (The exponents are
ratios of the eigenvalues of the flow at a fixed point and are thus equal on both sides
of the fixed point.) Different sets of exponents for the two branches would seem to
imply a highly unusual form of criticality.

It is possible, however, to generate this apparent difference of exponents through
an alternative scenario, which, though somewhat contrived, has the advantage of
being consistent with the traditional renormalization group picture. Consider the
effects of an irrelevant variable u, which we incorporate by adding another argument
X, = uAZ%~% to the new scaling function F,. Here, u is irrelevant because
(— > (4. Since u is irrelevant, near the transition, we may expand the scaling
function around v = 0. We do so in an unorthodox way, evaluating the derivative
not at zero (as in a Taylor expansion) but at the current value X, = uAZS-~6+:

Ao € T ¢ —¢
AZber AZoes Agcr UAZT T

F(AZ A¢,e,T) = AZ“ F, (

~ AZSH (]-‘u (X;,Xj, x4, o) + X, Fl0.0.0.1] (X;, Xt X;,Xu)),
(7)
where the invariant scaling combinations X5 /= are those valid in the plus/minus

region. The first term fu(Xg, XF, X1,0) equals .7-'+(X;r, X, X7), the traditional
universal scaling function dominant as AZ — 0. But suppose that this dominant
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term is zero in the minus region® (as the scaling form for the Ising magnetization
is zero for T > T.). Then the free energy in the minus region will be given by the
second term, subdominant by a factor AZ¢-~¢+ as desired. To get the scaling form
of Eq. (1) for the minus region, this derivative must take the form (Appendix A.4)

w0001 (X;,Xj,X;,Xu) = F (X;,X;,X;)

= F (uI/QXg/X;/Q, uMAXE /XA, uX;C/Xu)
(8)
for the particular value of u for this system. This leads to

A¢ € T
AZSe.+" ANZ%+ " AZC+

A¢ € T
AZ%.~" AZ%~" AZS-

F(Z,0,e,T) = AZCUT(

+AZS-F- ( (9)
as desired.

One prediction of this picture is that it should be possible to find an irrelevant
variable that, when tuned to a large value, induces corrections to the ordinary
zero-T soft sphere scaling that realize the hard-sphere exponents. Some changes to
the potential are irrelevant. Changes to the preparation protocol of states are also
irrelevant, and it would be interesting to explore whether they could be responsible
for these predicted corrections to scaling.

In summary, a scaling theory can be constructed for the jamming transition as
a function of the variables encapsulated by the jamming phase diagram, namely
packing fraction, shear strain and temperature. We find that the known behaviors
are captured by two branches of a scaling function for the free energy. The two
branches join together at a temperature T* ~ A¢?.

Recall that temperature T is dimensionless: T = T'/ kD, where T is the dimen-
sional temperature. We can interpret the 4-branch of the scaling function, corre-
sponding to T" < T™, as the regime in which the behavior is dominated by the
particle stiffness k or the interaction energy. On the other hand, the —-branch,
where T > T* is dominated by temperature, T, or thermal collisions.

We note that the arguments presented here can be generalized to a family of
potentials described by the exponent a:

Uy Tij “ Tij
Ulryj)=—(1-=—2=—] 0(1-—2>L—], 10
(ra) =5 ( Ri+Rj> ( RZ-+R]-) (10)
where r;; is the distance between the centers of particles ¢ and j and R; and R; are
the radii of the particles. Here, O(x) is the Heaviside step function and Uy is the

C/éy
[

2The plus region is Xy > 0, X7 < C* X = C*X;, see Fig. 1.



Universal Scaling Function Ansatz for Finite Temperature Jamming T

interaction energy scale. Following earlier work,'? it is useful to define an effective
spring constant, keg = Up(a — 1)/ D2, AZ*(*=2) where D, is the average particle
diameter. If we use kg to construct dimensionless free energy, temperature, etc.,
as discussed before Eq. (1), then the results are generally applicable for any « > 1.

The limit o« = 1, where kog = 0, is singular. There the de-dimensionalization of
scaling variables using kqg clearly fails. In this case, scaling exponents are predicted
to be zero and simulations and mean-field calculations by Sclocchi, Urbani, and
26-28 show that logarithmic corrections are dominant. It would be interesting
to see if the scaling ansatz applies to these logarithmic corrections as well.

In our formulation of the scaling ansatz, we used AZ as a control variable,
following the approach of Goodrich et al.? This choice is appealing because it treats
A¢ and £ — compressive and shear strain — in the same way. However, Goodrich
et al.?> pointed out that we could alternatively choose A¢ as the control variable.
This would lead to the scaling ansatz:

Franz

F(AZ Ad,e,N,T)

A¢ c T
= AZ*F 2
M (AZ‘SM’ g VIAATEE, |A¢|ci/a¢,i>' (1)

Note, however, that this form requires using |A¢| to scale ¢, N and T, which
causes problems because it introduces non-analyticity at A¢ = 0 even at T" > 0.
It would seem, therefore, that AZ is a better choice for the control variable. The
discovery of a correlation length that characterizes AZ fluctuations and diverges at
the jamming transition® suggests still another choice for the control variable, namely
the pressure, p, which is conjugate to A¢. So far, the length scale characterizing
contact number fluctuations is the only diverging correlation length that has been
identified for the jamming transition, although there are multiple diverging length
scales have been identified that are not associated with correlation functions. It
could be argued that /7 is a diverging correlation length because it corresponds to
the length scale for correlations in normal modes of vibrations at the boson peak
frequency w*. The length scale £g(w*), however, involves the boson peak frequency
w* and does not correspond to the correlation length of any of the variables that
appear in the scaling ansatz. We note that the AZ correlation length (which is
associated with AZ, one of the variables in the scaling ansatz) does not appear
to scale the same way as {g(w*) (which controls finite-size scaling). This lack of
correspondence between a correlation length and the length scale characterizing
finite-size effects, while unusual, appears to be characteristic of other systems with
sharp global transitions but configuration-dependent critical densities, as originally
identified in the depinning of charge-density waves.2? 3!

While it is normal for a correlation length to diverge at a critical point, it is
decidedly abnormal for the fluctuations to vanish at long length scales — usually
they diverge. Contact number fluctuations must vanish at long length scales because
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the average contact number at the transition must be Z = 2d, as dictated by iso-

staticity. As a result, contact number fluctuations are hyperuniform,®'3

implying
that there can be no square-gradient expansion — no Ginzburg-Landau theory —
for jamming. It is not clear how to construct a renormalization group for a sys-
tem that is hyperuniform at long length scales. The existence of other systems that
exhibit hyperuniformity at transitions, such as systems with transitions that sepa-
rate absorbing states from non-absorbing ones,3? suggests that the challenge may
not be restricted to the jamming transition. It is interesting and non-trivial that
despite being highly unusual in exhibiting hyperuniformity, the jamming transition
can nevertheless be described by a scaling ansatz.

It should be noted, however, that the vanishing of AZ fluctuations may be
specific to systems prepared at fixed pressure (pressure control). A recent study
at fixed A¢ (phi-control) suggests that AZ fluctuations might diverge instead of
vanish and that even the finite-size scaling exponent is different in that case, at
least for AZ and energy fluctuations.?® It would be interesting to see whether a
different scaling ansatz can be constructed for that case, and how the ansatzes for
pressure- and ¢-control might be related.

Finally, we must again raise the caveat that the arguments of De Giuli et al.! and
our scaling ansatz are predicated on the approximation that the system is restricted
to a single basin in the energy landscape. At T > 0, we know that this is not true —
given enough time, the system will explore multiple basins in the landscape, each
with a minimum corresponding to a different value of the jamming critical packing
fraction, ¢.. It is likely that thermal fluctuations that drive the system over energy
barriers will destroy the line of phase transitions at the boundary separating the
two branches of the scaling function. In other words, glass physics may well smear
the phase transition line into a crossover. However, the jamming transition and the
line that emanates from it have such unusual properties in the canon of criticality
and are so important to our understanding of disordered solids that it is crucial to
across whether the line is singular or only demarcates a crossover.
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Appendix
A.1. Converting between AZ and A¢ in the scaling ansatz

As in the zero-temperature case,? the scaling ansatz has the unusual feature that the
variables in it are not all independent: at fixed A¢, T, N, and preparation protocol,
the coordination AZ is fixed by some equation of state.

In addition to the scaling ansatz, we assume a scaling equation of state

A¢ € T
N - f<AZ55,i ’NAZwi’ AZC+ ) (A'l)

If this is assumed, then it is possible to eliminate AZ from the scaling ansatz,
in order to obtain Eq. (3) in the main text or make comparisons to De Giuli et al.’s
scaling predictions (which are expressed in terms of A¢ rather than AZ).

This equation of state can be inverted to yield

&£
|A¢|5s,i/5¢,i ’

8.+
AZ |A¢| g:t( 5 |A¢|Ci/5¢,i

NjAgPs/oes L ) (A.2)

Here, the branches f1 correspond to the sign of A¢ rather than the regions —, +
of the phase diagram; if we wished to completely eliminate AZ from the scaling
ansatz in all regions simultaneously, it may introduce a nonanlyticity at A¢ = 0.
However, this is not a problem if we only wish to eliminate AZ from an equation
with the sign of A¢ fixed.

Subject to this restriction, this allows us to eliminate AZ from any equation of
the original scaling variables:

A¢ € ve T
h(AZ‘s%i AVADES  NAZTE, AZC+
_ 7 € P+ /0p,+ T
- hi(|A¢|5s,i/5d),i7N|A¢| Y |A¢|Ci/5¢,i > (AS)

Restricting to A¢ > 0, we may thus eliminate AZ to obtain Eq. (3) in the main
text and as necessary in Appendix A.2 to verify that the scaling ansatz reproduces
the scaling regimes of De Giuli et al.!

A.2. Deriving the De Giuli et al. exponents from the scaling
ansatz

Here, we show in more detail how to obtain the various scalings described by De
Giuli et al.! from the scaling ansatz.

We begin with the scaling behaviour of the pressure. Start with the ansatz of
Eq. (1) and take N — oo and ¢ = 0. Taking a derivative with respect to the first
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argument yields the scaling ansatz for the pressure,

Ao T
— C+—0, - -
P=Aaz= iPi(Azm TAZC ) (A4)
Eliminating AZ as above gives
P=|agfslestip (T (A.5)
|A¢|Ci/5¢,i ' '

First, we study the “anharmonic” limit T > A¢?, in which De Giuli et al.
predict P o< VT. We set A¢ — 0 in the scaling function at fixed T and require
that the behavior of the scaling function is not singular in A¢. This requires that
the asymptotic behavior of the scaling function has the right power law to balance
all powers of Ag, i.e.,

(——08p,—

[
P o |Ag|S—/% -1 <L> (A.6)

[Ag|/%

C="%¢.—

=7 = . (A7)

Thus, consistency with De Giuli et al. requires that
(— =20¢,—. (A.8)

Note that (4 and é4 4 are already known to satisfy the same requirement.
In the hard-sphere limit (A¢ < 0,7 — 0), dimensional analysis requires that
P o« T. Thus, we extract the asymptotic equation of state

¢ /6y —1 T T
P o |Ap|>~7%¢ <|A¢|C/5¢,> x A (A.9)

Thus, the hard-sphere pressure scaling is automatically satisfied.

The pressure scaling in the regimes that De Giuli et al. call “soft-zero-T” and
“soft-entropic” are obtained by taking T" — 0 for positive A¢; this recovers the
previous zero-temperature scaling ansatz, giving P o< A¢ in agreement with their
results.

Now, we must verify the scaling of the shear modulus G. At zero strain, it obeys
the scaling form

(A.10)

G= AZCiQ‘sffigi( A9 ! >

AZ%o.+" AZC+

The anharmonic and hard-sphere limits are treated identically to the case of
the pressure, demanding a finite value at zero A¢ in the anharmonic case while
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requiring G o< T in the hard-sphere case. Matching the anharmonic limit for G
with De Giuli et al. requires

e 14420,

=- A1l
(- 4346, ( )
while the hard-sphere limit requires
_ 1442
b _ 14420 (A.12)

5p 2346,

Note that these equations are consistent with Eq. (A.8), and are both satisfied
by the exponents in Table 1.

The “soft-entropic” regime of De Giuli et al. is less obvious, but still consistent
with the scaling ansatz in the — branch. After eliminating AZ, we have

B T
G- |A¢)|2 260 /54— G (A—(;s?) (A.13)
_ T1_266’7/6¢’7 |A¢|26e,7/6¢,7 g (i) (A 14)
— A¢2 . N

If the function g_ approaches a finite limit, this matches the “soft-entropic”
scaling as long as

Oe,—  14+20,

Sp—  23+0,°

(A.15)

which shows consistency with the exponents in the hard-sphere and anharmonic
regimes.

To see the “soft-entropic” scaling in our picture, we must move along the phase
boundary, T = C*A¢?, since our picture does not have the anomalous temperature
scale T of De Giuli et al.; g— is constant along this trajectory as required.

A.3. Shear-stress fluctuations at zero A¢

At finite T', in the limit of small A¢ the scaling form for the shear-stress fluctuations

s? is

_ T
52:|A¢F“6“)w¢8_<NﬂA¢WM¢;——3>. (A.16)
|Ag|
A finite correlation length requires 1/ VN fluctuations of shear stress for large N:
1 _ _ ~ T
-V . (A.17)
N A"

Finally, at finite T', the fluctuations cannot diverge or vanish as A¢ — 0. Impos-
ing the required power law to cancel all factors of A¢ yields

T+0e

§2N oc T30 =20 —¥-)/206.— — Toad, (A.18)
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A.4. The necessary form of the small-u scaling function

Note that
(¢ = 21;299:, (A.19)
Op,— = 0p 4+ = L_rz: = % (- —¢4)s (A.20)
G =0t = g = 1 = ). (A.21)

Thus, the — exponents are recovered if the correction to scaling is, for small u,

a function of X7 /X, X¢/X,i/2, and X¢/X,i/4.
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