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ARTICLE INFO ABSTRACT

Am'df' history: We focus on mesoscopic dislocation patterning via a continuum dislocation dynamics the-
Received 15 June 2012 ory (CDD) in three dimensions (3D). We study three distinct physically motivated dynam-
ggi‘;“’ed in final revised form 17 February ics which consistently lead to fractal formation in 3D with rather similar morphologies, and

therefore we suggest that this is a general feature of the 3D collective behavior of geomet-
rically necessary dislocation (GND) ensembles. The striking self-similar features are mea-
sured in terms of correlation functions of physical observables, such as the GND density,
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g?ﬁvgsgﬁins the plastic distortion, and the crystalline orientation. Remarkably, all these correlation
Dynamics functions exhibit spatial power-law behaviors, sharing a single underlying universal criti-
Microstructures cal exponent for each type of dynamics.

Correlation functions © 2013 Elsevier Ltd. All rights reserved.
Self-similar

1. Introduction

Dislocations in plastically deformed crystals, driven by their long-range interactions, collectively evolve into complex het-
erogeneous structures where dislocation-rich cell walls or boundaries surround dislocation-depleted cell interiors. These
have been observed both in single crystals (Kawasaki and Takeuchi, 1980; Mughrabi et al., 1986; Schwink, 1992) and poly-
crystals (Ungar et al., 1986) using transmission electron microscopy (TEM). The mesoscopic cellular structures have been
recognized as scale-free patterns through fractal analysis of TEM micrographs (Gil Sevillano et al., 1991; Gil Sevillano,
1993; Hahner et al., 1998; Zaiser et al., 1999), Fig. 1(a). The complex collective behavior of dislocations has been a challenge
for understanding the underlying physical mechanisms responsible for the development of emergent dislocation
morphologies.

Complex dislocation microstructures, as an emergent mesoscale phenomenon, have been previously modeled using var-
ious theoretical and numerical approaches (Ananthakrishna, 2007). Discrete dislocation dynamics (DDD) models have pro-
vided insights into the dislocation pattern formations: parallel edge dislocations in a two-dimensional system evolve into
‘matrix structures’ during single slip (Baké et al., 1999), and ‘fractal and cell structures’ during multiple slip (Baké et al.,
2007; Baké et al., 2007); random dislocations in a three-dimensional system self-organize themselves into microstructures
through junction formation, cross-slip, and short-range interactions (Madec et al., 2002; Gomez-Garcia et al., 2006). How-
ever, DDD simulations are limited by the computational challenges on the relevant scales of length and strain. Beyond these
micro-scale descriptions, CDD has also been used to study complex dislocation structures. Simplified reaction-diffusion
models have described persistent slip bands (Walgraef and Aifantis, 1985), dislocation cellular structures during multiple
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Fig. 1. Experimental and simulated dislocation cellular structures. In (a), a typical TEM micrograph at a micron scale is taken from a Cu single crystal after
[100] tensile deformation to a stress of 76.5 MPa (Hdhner et al., 1998); in (b), a simulated GND density plot is shown. Note the striking morphological
similarity between theory and experiment.

slip (Hdhner, 1996), and dislocation vein structures (Saxlova et al., 1997). Stochasticity in CDD models (Hdhner et al., 1998;
Baké et al., 1999; Groma and Baké, 2000) or in the splittings and rotations of the macroscopic cells (Pantleon, 1996; Pantleon,
1998; Sethna et al., 2003) have been suggested as an explanation for the formation of organized dislocation structures. The
source of the noise in these stochastic theories is derived from either extrinsic disorder or short-length-scale fluctuations.

In a recent manuscript (Chen et al., 2010), we analyzed the behavior of a grossly simplified continuum dislocation model
for plasticity (Acharya, 2001; Roy and Acharya, 2005; Acharya and Roy, 2006; Limkumnerd and Sethna, 2006; Chen et al.,
2010) - a physicist’s ‘spherical cow’ approximation designed to explore the minimal ingredients necessary to explain key
features of the dynamics of deformation. Our simplified model ignores many features known to be important for cell bound-
ary morphology and evolution, including slip systems and crystalline anisotropy, dislocation nucleation, lock formation and
entanglement, line tension, geometrically unnecessary forest dislocations, etc. However, our model does encompass a real-
istic order parameter field (the Nye-Kroner dislocation density tensor (Nye, 1953; Kroner, 1958) embodying the GNDs),
which allows detailed comparisons of local rotations and deformations, stress, and strain. It is not a realistic model of a real
material, but it is a model material with a physically sensible evolution law. Given these simplifications, our model exhibited
a surprisingly realistic evolution of cellular structures (Fig. 1(b)). We analyzed these structures in two-dimensional simula-
tions (full three-dimensional rotations and deformations, but uniform along the z-axis) using both the fractal box counting
method (Gil Sevillano et al., 1991; Gil Sevillano, 1993; Hahner et al., 1998; Zaiser et al., 1999) and the single-length-scale
scaling methods (Hughes et al., 1997; Hughes et al., 1998; Mika and Dawson, 1999; Hughes and Hansen, 2001) used in pre-
vious theoretical analyses of experimental data. Our model qualitatively reproduced the self-similar, fractal patterns found
in the former, and the scaling behavior of the cell sizes and misorientations under strain found in the latter (power-law
refinement of the cell sizes, power-law increases in misorientations, and scaling collapses of the distributions).

There are many features of real materials which are not explained by our model. We do not observe distinctions between
‘geometrically necessary’ and ‘incidental’ boundaries, which appear experimentally to scale in different ways. The fractal
scaling observed in our model may well be cut off or modified by entanglement, slip-system physics, quantization of Burgers
vector (Kuhlmann-Wilsdorf, 1985) or anisotropy — we cannot predict that real materials should have fractal cellular struc-
tures; we only observe that our model material does so naturally. Our spherically symmetric model obviously cannot repro-
duce the dependence of morphological evolution on the axis of applied strain (and hence the number of activated slip
systems); indeed, the fractal patterns observed in some experiments (Hdahner et al., 1998; Zaiser et al., 1999) could be asso-
ciated with the high-symmetry geometry they studied (Wert et al., 2007; Hansen et al., 2011). While many realistic features
of materials that we ignore may be important for cell-structure formation and evolution, our model gives clear evidence that
these features are not essential to the formation of cellular structures when crystals undergo plastic deformation.

In this longer manuscript, we provide an in-depth analysis of three plasticity models. We show how they (and more tra-
ditional models) can be derived from the structures of the broken symmetries and order parameters. We extend our simu-
lations to 3D, where the behavior is qualitatively similar with a few important changes. Here we focus our attention on
relaxation (rather than strain), and on correlation functions (rather than fractal box counting or cell sizes and
misorientations).

Studying simplified ‘spherical cow’ models such as ours is justified if they capture some key phenomenon, providing a
perspective or explanation for the emergent behavior. Under some circumstances, these simplified models can capture
the long-wavelength behavior precisely - the model is said to be in the same universality class as the observed behavior (Set-
hna, 2006, Chapter 12). The Ising model for magnetism, two-fluid criticality, and order-disorder transitions; self-organized
critical models for magnetic Barkhausen noise (Sethna et al., 2001; Durin and Zapperi, 2006) and dislocation avalanches (Zai-
ser, 2006) all exhibit the same type of emergent scale-invariant behavior as observed in some experimental cellular struc-
tures (Hahner et al., 1998). For all of these systems, ‘spherical cow’ models provide quantitative experimental predictions of
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all phenomena on long length and time scales, up to overall amplitudes, relevant perturbations, and corrections to scaling.
Other experimental cellular structures (Hughes et al., 1998) have been interpreted in terms of scaling functions with a char-
acteristic scale, analogous to those seen in crystalline grain growth. Crystalline grain growth also has a ‘universal’ descrip-
tion, albeit one which depends upon the entire anisotropic interfacial energy and mobility (Rutenberg and Vollmayr-Lee,
1999) (and not just temperature and field).! We are cautiously optimistic that a model like ours (but with metastability
and crystalline) could indeed describe the emergent complex dislocation structures and dynamics in real materials. Indeed, re-
cent work on dislocation avalanches suggests that even the yield stress may be a universal critical point (Friedman et al., 2012).

Despite universality, we must justify and explain the form of the CDD model we study. In Section 2 we take the contin-
uum, ‘hydrodynamic’ limit approach, traditionally originating with Landau in the study of systems near thermal equilibrium
(clearly not true of deformed metals!). All degrees of freedom are assumed slaves to the order parameter, which is system-
atically constructed from conserved quantities and broken symmetries (Martin, 1968; Forster, 1975; Hohenberg and Halper-
in, 1977) - this is the fundamental tool used in the physics community to derive the diffusion equation, the Navier-Stokes
equation, and continuum equations for superconductors, superfluids, liquid crystals, etc. Rickman and Vifials (1997) have
utilized this general approach to generate CDD theories, and in Section 2 we explain how our approach differs from theirs.

In Section 3 we explore the validity of several approximations in our model, starting in the engineering language of state
variables. Here local equilibration is not presumed; the state of the system depends in some arbitrarily complex way on the
history. Conserved quantities and broken symmetries can be supplemented by internal state variables - statistically stored
dislocations (SSDs), yield surfaces, void fractions, etc., whose evolution laws are judged according to their success in match-
ing experimental observations. (Eddy viscosity theories of turbulence are particular successful examples of this framework.)
The ‘single-velocity’ models we use were originally developed by Acharya et al. (Acharya, 2001; Roy and Acharya, 2005), and
we discuss their microscopic derivation (Acharya, 2001) and the correction term L resulting from coarse-graining and multi-
ple microscopic velocities (Acharya and Roy, 2006). This term is usually modeled by the effects of SSDs using crystal plas-
ticity models. We analyze experiments to suggest that ignoring SSDs may be justified on the length-scales needed in our
modeling. However, we acknowledge the near certainty that Acharya’s L will be important - the true coarse-grained evo-
lution laws will incorporate multiple velocities. Our model should be viewed as a physically sensible model material, not a
rigorous continuum limit of a real material.

In this manuscript, we study fractal cell structures that form upon relaxation from randomly deformed initial conditions
(Section 4.2). One might be concerned that relaxation of a randomly imposed high-stress dislocation structure (an instanta-
neous hammer blow) could yield qualitatively different behavior from realistic deformations, where the dislocation struc-
tures evolve continuously as the deformation is imposed. In Section 4.2 we note that this alternative ‘slow hammering’
gives qualitatively the same fractal dislocation patterns. Also, the resulting cellular structures are qualitatively very similar
to those we observe under subsequent uniform external strain (Chen et al., 2010), except that the relaxed structures are sta-
tistically isotropic. We also find that cellular structures form immediately at small deformations. Cellular structures in real
materials emerge only after significant deformation; presumably this feature is missing in our model because our model has
no impediment to cross-slip or multiple slip, and no entanglement of dislocations. This initial relaxation should not be
viewed as annealing or dislocation creep. A proper description of annealing must include dislocation line tension effects,
since the driving force for annealing is the reduction in total dislocation density - our dislocations annihilate when their
Nye Burgers vector density cancels under evolution, not because of the dislocation core energies. Creep involves dislocation
climb, which (for two of our three models) is forbidden.

We focus here on correlation functions, rather than the methods used in previous analyses of experiments. Correlation
functions have a long, dignified history in the study of systems exhibiting emergent scale invariance — materials at contin-
uous thermodynamic phase transitions (Chaikin and Lubensky, 1995), fully developed turbulence (L'vov, 1991; Choi et al.,
2012b; Salman and Truskinovsky, 2012), and crackling noise and self-organized criticality (Sethna et al., 2001). We study
not only numerical simulations of these correlations, but provide also extensive analysis of the relations between the cor-
relation functions for different physical quantities and their (possibly universal) power-law exponents. The decomposition
of the system into cells (needed for the cell-size and misorientation distribution analyses (Hughes et al., 1997; Hughes et al.,
1998; Mika and Dawson, 1999; Hughes and Hansen, 2001)) demands the introduction of an artificial cutoff misorientation
angle, and demands either laborious human work or rather sophisticated numerical algorithms (Chen et al., 2012). These
sections of the current manuscript may be viewed both as a full characterization of the behavior of our simple model,
and as an illustration of how one can use correlation functions to analyze the complex morphologies in more realistic models
and in experiments providing 2D or 3D real-space data. We believe that analyses that explicitly decompose structures into
cells remain important for systems with single changing length-scale: grain boundary coarsening should be studied both
with correlation functions and with explicit studies of grain shape and geometry evolution, and the same should apply to
cell-structure models and experiments that are not fractal. But our model, without such an intermediate length-scale, is best
analyzed using correlation functions.

Our earlier work (Chen et al., 2010) focused on 2D. How different are our predictions in 3D? In this paper, we explore
three different CDDs that display similar dislocation fractal formation in 3D and confirm analytically that correlation func-
tions of the GND density, the plastic distortion, and the crystalline orientation, all share a single underlying critical exponent,

! See, however, Kacher et al. (2011) for experimental observations of bursty grain growth is incompatible with these theories.
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up to exponent relations, dependent only on the type of dynamics. Unlike our 2D simulations, where forbidding climb led to
rather distinct critical exponents, all three dynamics in 3D share quite similar scaling behaviors.

We begin our discussion in Section 2.1 by defining the various dislocation, distortion, and orientation fields. In Section 2.2,
we derive standard local dynamical evolution laws using traditional condensed matter approaches, starting from both the
non-conserved plastic distortion and the conserved GND densities as order parameters. Here, we also explain why these
resulting dynamical laws are inappropriate at the mesoscale. In Section 2.3, we show how to extend this approach by defin-
ing appropriate constitutive laws for the dislocation flow velocity to build novel dynamics (Landau and Lifshitz, 1970). There
are three different dynamics we study: i) isotropic climb-and-glide dynamics (CGD) (Acharya, 2001; Acharya, 2003; Acharya,
2004; Roy and Acharya, 2005; Limkumnerd and Sethna, 2006), ii) isotropic glide-only dynamics, where we define the part of
the local dislocation density that participates in the local mobile dislocation population, keeping the local volume conserved at
all times (GOD-MDP) (Chen et al., 2010), iii) isotropic glide-only dynamics, where glide is enforced by a local vacancy pressure
due to a co-existing background of vacancies that have an infinite energy cost (GOD-LVP) (Acharya and Roy, 2006). All three
types of dynamics present physically valid alternative approaches for deriving a coarse-grained continuum model for GNDs.
In Section 3, we explore the effects of coarse-graining, explain our rationale for ignoring SSDs at the mesoscale, and discuss
the single-velocity approximation we use. In Section 4, we discuss the details of numerical simulations in both two and three
dimensions, and characterize the self-organized critical complex patterns in terms of correlation functions of the order
parameter fields. In Section 5, we provide a scaling theory, derive relations among the critical exponents of these related cor-
relation functions, study the correlation function as a scaling function of coarse-graining length scale, and conclude in
Section 6.

In addition, we provide extensive details of our study in Appendices. In A, we collect useful formulas from the literature
relating different physical quantities within traditional plasticity, while in B we show how functional derivatives and the dis-
sipation rate can be calculated using this formalism, leading to our proof that our CDDs are strictly dissipative (lowering the
appropriate free energy with time). In C, we show the flexibility of our CDDs by extending our dynamics: In particular, we
show how to add vacancy diffusion in the structure of CDD, and also, how external disorder can be in principle incorporated
(to be explored in future work). In D, we elaborate on numerical details - we demonstrate the statistical convergence of our
simulation method and also we explain how we construct the Gaussian random initial conditions. Finally, in E, we discuss
the scaling properties of several correlation functions in real and Fourier spaces, including the strain-history-dependent plas-
tic deformation and distortion fields, the stress-stress correlation functions, the elastic energy density spectrum, and the
stressful part of GND density.

2. Continuum models
2.1. Order parameter fields

2.1.1. Conserved order parameter field
A dislocation is the topological defect of a crystal lattice. In a continuum theory, it can be described by a coarse-grained
variable, the GND density,? (also called the net dislocation density or the Nye-Kroner dislocation density), which can be defined
by the GND density tensor
px) =Y (- Mh @b’ s(x - &), (1)

o

SO
Pn(®) = D EEDLOX = &), 2)

measuring the sum of the net flux of dislocations « located at ¢, tangent to t, with Burgers vector b, in the neighborhood of x,
through an infinitesimal plane with the normal direction along n, seen in Fig. 2. In the continuum, the discrete sum of line
singularities in Eqs. (1) and (2) is smeared into a continuous (nine-component) field, just as the continuum density of a liquid
is at root a sum of point contributions from atomic nuclei.

Since the normal unit pseudo-vector f is equivalent to an antisymmetric unit bivector E, EU = &Nk, we can reformulate
the GND density as a three-index tensor

ox) = (¥ -M)E @ b*3(x - &), (3)
SO

Qg (X) = > (¥ - M)Eyho(x — &%), (4)

o

2 Dislocations which cancel at the macroscale may be geometrically necessary at the mesoscale. See Section 3 for our rationale for not including the effects of
SSDs (whose Burgers vectors cancel in the coarse-graining process).
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Fig. 2. Representation of the crystalline line defect—dislocation. Each curved line represents a dislocation line with the tangent direction t, and the Burgers
vector b which characterizes the magnitude and direction of the distortion to the lattice. The two-index GND density p,,, (Nye, 1953; Kroner, 1958) (Egs. 1
and 2) is the net flux of the Burgers vector density b along ™ through an infinitesimal piece of a plane with normal direction i along é*). The three-index
version @, (Eqs. 3 and 4) is the flux density through the plane along the axes & and &), with the unit bivector E=é0 e,

measuring the same sum of the net flux of dislocations in the neighborhood of x, through the infinitesimal plane indicated by
the unit bivector E. This three-index variant will be useful in Section 2.3.2, where we adapt the equations of Roy and Acharya
(2005) and Limkumnerd and Sethna (2006) to forbid dislocation climb (GOD-MDP).

According to the definition of E, we can find the relation between p and ¢

Qim(X) = Y (7)€t 0 (X — &) = &y (X). (5)
o
It should be noted here that dislocations cannot terminate within the crystal, implying that
dip;(x) =0, (6)
or
€Oy (X) = 0. (7)

Within plasticity theories, the gradient of the total displacement field u represents the compatible total distortion field
(Kréner, 1958; Kroner, 1981) f; = d;u;, which is the sum of the elastic and the plastic distortion fields (Kréner, 1958; Kroner,
1981), B = p° + °. Due to the presence of dislocation lines, both P and ¢ are incompatible, characterized by the GND den-

sity p

Pij = €imO1fp» (8)

= —€ndi - 9)
The elastic distortion field ¢ is the sum of its symmetric strain and antisymmetric rotation fields,

pe =€+ of, (10)

where we assume linear elasticity, ignoring the ‘geometric nonlinearity’ in these tensors. Substituting the sum of two tensor
fields into the incompatibility relation Eq. (8) gives

Pij = €Ok j; + EiaOk€j- (11)
The elastic rotation tensor w® can be rewritten as an axial vector, the crystalline orientation vector A
1 e
Ak = jg,-jkwij, (12)
or
0 = i (13)

Thus we can substitute Eq. (13) into Eq. (11)
pij = (51'1'6;(/\[( — ain) + siklal<€1ej~ (14)
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For a system without residual elastic stress, the GND density thus depends only on the varying crystalline orientation
(Limkumnerd and Sethna, 2007).

Dynamically, the time evolution law of the GND density emerges from the conservation of the Burgers vector (Kosevich,
1979; Lazar, 2011)

0
ot Pk = —&ijq0if k> (15)

or

ad
&Qijk = —&ijmEmpaOp)gk = —&ijpqOp)qk: (16)

where | represents the Burgers vector flux, and the symbol gy, indicates &;némpg = dipdjg — digdjp-

2.1.2. Non-conserved order parameter field
The natural physicist’s order parameter field g, characterizing the incompatibility, can be written in terms of the plastic
distortion field gP

Qiik = EijmPrm = —EijisO1 P (17)

In the linear approximation, the alternative order parameter field P fully specifies the local deformation u of the material,
the elastic distortion ¢, the internal long-range stress field '™ and the crystalline orientation (the Rodrigues vector A giving
the axis and angle of rotation), as summarized in A.

It is natural, given Egs. (9) and (15), to use the flux J of the Burgers vector density to define the dynamics of the plastic
distortion tensor ° (Kosevich, 1979; Limkumnerd and Sethna, 2006; Lazar, 2011):

aﬁ'.}

L=y (18)
As noted by Acharya (2004), Egs. (9) and (15) equate a curl of P to a curl of ], so an arbitrary divergence may be added to Eq.
(18): the evolution of the plastic distortion g is not determined by the evolution of the GND density. Acharya (2004) resolves
this ambiguity using a Stokes-Helmholtz decomposition of . In our notation, f* = pP' + pPH. The ‘intrinsic’ plastic distor-
tion p*' is divergence-free (987" = 0, i.e., kip5' = 0), and determined by the GND density p. The ‘history-dependent > is

curl-free (e,ija/[ig” =0, E[ijk;;‘ﬁg«ﬂ = 0). In Fourier space, we can do this decomposition explicitly, as
~ N . o ~ ~
) = —ieim 3 Pny(10) + ikit (k) = B (o) + B (K. (19)

This decomposition will become important to us in Section 4.3.3, where the correlation functions of *' and P will scale
differently with distance.

Acharya (2004) treats the evolution of the two components "' and " separately. Because our simulations have periodic
boundary conditions, the evolution of ! does not affect the evolution of p. As noted by Acharya (2004), in more general
situations P will alter the shape of the body, and hence interact with the boundary conditions.* Hence in the simulations
presented here, we use Eq. (18), with the warning that the plastic deformation fields shown in the figures are arbitrary up to an
overall divergence. The correlation functions we study of the intrinsic plastic distortion g*' are independent of this ambiguity,
but the correlation functions of g we discuss in the E.1 will depend on this choice.

In the presence of external loading, we can express the appropriate free energy F as the sum of two terms: the elastic
interaction energy of GNDs, and the energy of interaction with the applied stress field. The free energy functional is

_ 39 (1 int t P
]—‘_/d x(ja};‘ € — gttel ). (20)
Alternatively, it can be rewritten in Fourier space

d3l 1 7 7 ~ext 7
Fo- 2% (3 Mo 0BT, () + 5 0B} ). @)

as discussed in B.1.

3 Changing the initial reference state through a curl-free plastic distortion (leaving behind no dislocations) will change P! but not g*'; the former depends
on the history of the material and not just the current state, motivating our nomenclature.

4 For our simulations with external shear (Chen et al., 2010), the k = 0 of f*" couples to the boundary condition. We determine the plastic evolution of the
k = 0 mode explicitly in that case. For correlation functions presented here, the k = 0 mode is unimportant because we subtract P fields at different sites
before correlating.
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2.2. Traditional dissipative continuum dynamics

There are well known approaches for deriving continuum equations of motion for dissipative systems, which in this case
produce a traditional von Mises-style theory (Rickman and Vifials, 1997), useful at longer scales. We begin by reproducing
these standard equations.

For the sake of simplicity, we ignore external stress (o;; simplified to aﬁ}“) in the following three subsections. We start by
using the standard methods applied to the non-conserved order parameter °, and then turn to the conserved order param-
eter Q.

2.2.1. Dissipative dynamics built from the non-conserved order parameter field P

The plastic distortion fP is a non-conserved order parameter field, which is utilized by the engineering community to
study texture evolution and plasticity of mechanically deformed structural materials. The simplest dissipative dynamics
in terms of f° minimizes the free energy by steepest descents

0 p OF

ﬁﬁg = _FWE’ (22)
where I is a positive material-dependent constant. We may rewrite it in Fourier space, giving

(SR LA (23)

5.81']'(7]()
The functional derivative 5.F /5?}}(—k) is the negative of the long-range stress
oF ~ -
m = —~Mijmn (K) 7, (K) = —0(K). (24)

This dynamics implies a simplified version of von Mises plasticity

9 ~ -
3 p(k) I'o;(Kk). (25)
2.2.2. Dissipative dynamics built from the conserved order parameter field @

We can also derive an equation of motion starting from the GND density g, as was done by Rickman and Vifials (1997). For
this dissipative dynamics Eq. (16), the simplest expression for | is

_7.'
.qu = ablqal 50 (26)
abke
where the material-dependent constant tensor I must be chosen to guarantee a decrease of the free energy with time.

The infinitesimal change of F with respect to the GND density g is

o7lal = [ x5 o0y 27)
The free energy dissipation rate is thus 6F /st for 50 = 25t, hence

9 [ . OF 00

G7le =[x o ot (28)

Substituting Eq. (16) into Eq. (28) and integrating by parts gives

= /d3X <gi]pqap(3 )]qk (29)

Substituting Eq. (26) into Eq. (29) gives

, OF
Lo oo 2o )

Now, to guarantee that energy never increases, we choose I ;blq = I'ggpq, (I is a positive material-dependent constant), which
yields the rate of change of energy as a negative of a perfect square

—/ d*x FZ(gablqal Q]: )2 (31)
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Using Egs. (16) and (26), we can write the dynamics in terms of @
OF

9]

— 0, =1'g; . 2

ot ka gypqgablqapal anbk (3 )
Substituting the functional derivative 6F /60, Eq. (B.10), derived in B.2, into Eq. (32) and comparing to Eq. (16) tells us

7]

agijk(x) = 7rgiquapo-qk(x) = 7giquap.’qk(x)7 (33)
where

.]qk = raqk (34)

duplicating the von Mises law (Eq. 25) of the previous subsection. The simplest dissipative dynamics of either non-conserved
or conserved order parameter fields thus turns out to be the traditional linear dynamics, a simplified von Mises law.

The problem with this law for us is that it allows for plastic deformation in the absence of dislocations, i.e., the Burgers
vector flux can be induced through the elastic loading on the boundaries, even in a defect-free medium. This is appropriate
on engineering length scales above or around a micron, where SSDs dominate the plastic deformation. (Methods to incorpo-
rate their effects into a theory like ours have been provided by Acharya and Roy (2006), Roy and Acharya (2006) and Varad-
han et al. (2006)).

By ignoring the SSDs, our theory assumes that there is an intermediate coarse-grain length scale, large compared to the
distance between dislocations and small compared to the distance where the cancellation of dislocations with different Bur-
gers vectors dominates the dynamics, discussed in Section 3. We believe this latter length scale is given by the distance be-
tween cell walls (as discussed in Section 4.2). The cell wall misorientations are geometrically necessary. On the one hand, it is
known (Kuhlmann-Wilsdorf and Hansen, 1991; Hughes and Hansen, 1993) that neighboring cell walls often have misorien-
tations of alternating signs, so that on coarse-grain length scales just above the cell wall separation one would expect explicit
treatment of the SSDs would be necessary. On the other hand, the density of dislocations in cell walls is high, so that a coarse-
grain length much smaller than the interesting structures (and hence where we believe SSDs are unimportant) should be
possible (Kiener et al., 2011). (Our cell structures are fractal, with no characteristic ‘cell size’; this coarse-grain length sets
the minimum cutoff scale of the fractal, and the grain size or inhomogeneity length will set the maximum scale.) With this
assumption, to treat the formation of cellular structures, we turn to theories of the form given in Eq. (15), defined in terms of
dislocation currents J that depend directly on the local GND density.

2.3. Our CDD model

The microscopic motion of a dislocation under external strain depends upon temperature. In general, it moves quickly
along the glide direction, and slowly (or not at all) along the climb direction where vacancy diffusion must carry away
the atoms. The glide speed can be limited by phonon drag at higher temperatures, or can accelerate to nearly the speed
of sound at low temperatures (Hirth and Lothe, 1982). It is traditional to assume that the dislocation velocity is over-damped,
and proportional to the component of the force per unit dislocation length in the glide plane.®

To coarse-grain this microscopics, for reasons described in Section 3, we choose a CDD model whose dislocation currents
vanish when the GND density vanishes, without considering SSDs. Limkumnerd and Sethna (2006) derived a dislocation cur-
rent J for this case using a closure approximation of the underlying microscopics. Their work reproduced (in the case of both
glide and climb) an earlier dynamical model proposed by Acharya et al. (Acharya, 2001; Roy and Acharya, 2005; Acharya and
Roy, 2006), who also incorporate the effects of SSDs. We follow the general approach of Acharya and collaborators (Acharya,
2001, 2003, 2004; Roy and Acharya, 2005; Varadhan et al., 2006; Acharya and Roy, 2006) in Section 2.3.1 to derive an evo-
lution law for dislocations allowed both to glide and climb, and then modify it to remove climb in Section 2.3.2. We derive a
second variant of glide-only dynamics in Section 2.3.3 by coupling climb to vacancies and then taking the limit of infinite
vacancy energy, which reproduces a model proposed earlier by Acharya and Roy (2006).

In our CGD and GOD-LVP dynamics (Sections 2.3.1 and 2.3.3 below), all dislocations in the infinitesimal volume at x are
moving with a common velocity »(x). We discuss the validity of this single-velocity form for the equations of motion at
length in Section 3, together with a discussion of the coarse-graining and the emergence of SSDs. We view our simulations
as physically sensible ‘model materials’ — perhaps not the correct theory for any particular material, but a sensible frame-
work to generate theories of plastic deformation and explain generic features common to many materials.

2.3.1. Climb-glide dynamics (CGD)

We start with a model presuming (perhaps unphysically) that vacancy diffusion is so fast that dislocations climb and glide
with equal mobility. The elastic Peach-Koehler force due to the stress g(x) on the local GND density is given by
P = k0 me- We assume that the velocity » o f PX, giving a local constitutive relation

Vu X OmkQymk- (35)

5 In real materials the dislocation dynamics is intermittent, as dislocations bow out or depin from junctions and disorder, and engage in complex dislocation
avalanches.
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How should we determine the proportionality constant between velocity and force? In experimental systems, this is com-
plicated by dislocation entanglement and short-range forces between dislocations. Ignoring these features, the velocity of
each dislocation should depend only on the stress induced by the other dislocations, not the local density of dislocations
(Zapperi and Zaiser, 2011). We can incorporate this in an approximate way by making the proportionality factor in Eq.
(35) inversely proportional to the GND density. We measure the latter by summing the square of all components of g, hence

lo] = \/Qiu0/2 and vy :‘%Gkaumk, where D is a positive material-dependent constant. This choice has the additional

important feature that the evolution of a sharp domain wall whose width is limited by the lattice cutoff is unchanged when
the lattice cutoff is reduced.
The flux J of the Burgers vector is thus (Kosevich, 1979)

D
]ij = VuQuj = @GkaumlcguU‘ (36)

Notice that this dynamics satisfies our criterion that ] = 0 when there are no GNDs (i.e., ¢ = 0). Notice also that we do not
incorporate the effects of SSDs (Acharya’s [ (Acharya and Roy, 2006)); we discuss this further in Section 3.
Substltutmg this flux J (Eq. (36)) into the free energy dissipation rate (Eq. (B.16)) gives

—/d3x oyl = /d3x ol 37)

Details are given in B.3.

2.3.2. Glide-only dynamics: mobile dislocation population (GOD-MDP)

When the temperature is low enough, dislocation climb is negligible, i.e., dislocations can only move in their glide planes.
Fundamentally, dislocation glide conserves the total number of atoms, which leads to an unchanged local volume. Since the
local volume change in time is represented by the trace J; of the flux of the Burgers vector, conservative motion of GNDs
demands J; = 0. Limkumnerd and Sethna (2006) derived the equation of motion for dislocation glide only, by removing
the trace of J from Eq. (36). However, their dynamics fails to guarantee that the free energy monotonically decreases. Here
we present an alternative approach.

We can remove the trace of ] by modifying the first equality in Eq. (36),

) , 1
Ji=v, (Quij - §6i}gukk>’ (38)

where g}; = 0,; — 590, €an be viewed as a subset of ‘mobile’ dislocations moving with velocity .
Substituting the current (Eq. (38)) into the free energy dissipation rate (Eq. (B.16)) gives

= —/d3x aij<1/;g;ij>. (39)

If we choose the velocity v, « 0;0,;, the appropriate free energy monotonically decreases in time. We thus express
v, = \0\ WUJU, where D is a positive material-dependent constant, and the prefactor 1/|g| is added for the same reasons, as
dlscussed in the second paragraph of Section 2.3.1.

The current J' of the Burgers vector is thus written (Chen et al., 2010)

D 1 1.
]u uQuu | | Omn (Qumn - géanull> (Quij - §()ijQukk> : (40)
This natural evolution law becomes much less self-evident when expressed in terms of the traditional two-index version p
(Egs. (1) and (2))

, D 1 1 0j 1 1
.]y (ampmnpmj O-mnpmpm] O-mmpmpnj+ Gmmpmpnj u<aknpmnpmk Gmnpknpmk7§0mmpnkpnk+§0mmpknpnk>>7

ol
(41)

(which is why we introduce the three-index variant g).
This current J' makes the free energy dissipation rate the negative of a perfect square in Eq. (B.18). Details are given
in B.3.

2.3.3. Glide-only dynamics: local vacancy-induced pressure (GOD-LVP)

At high temperature, the fast vacancy diffusion leads to dislocation climb out of the glide direction. As the temperature
decreases, vacancies are frozen out so that dislocations only slip in the glide planes. In C.1, we present a dynamical model
coupling the vacancy diffusion to our CDD model. Here we consider the limit of frozen-out vacancies with infinite energy
costs, which leads to another version of glide-only dynamics.
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Stress-free states

Fig. 3. Relaxation of various CDD models. The blue dot represents the initial random plastically-deformed state; the red dots indicate the equilibrated
stress-free states driven by different dynamics. Curve A: steepest decent dynamics leads to the trivial homogeneous equilibrated state, discussed in
Section 2.2. Curve B: our CDD models settle the system into non-trivial stress-free states with wall-like singularities of the GND density, discussed in
Section 2.3. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

According to the coupling dynamics Eq. (C.8), we write down the general form of dislocation current

s D -
Ji= ol (Gmn = OmnD) QumnQuijs (42)

where p is the local pressure due to vacancies.
The limit of infinitely costly vacancies (¢« — oo in C.1) leads to the traceless current, J;; = 0. Solving this equation gives a
critical local pressure p°
c_ O-ququgskk (43)
\Quaa@ubb

The corresponding current J” of the Burgers vector in this limit is thus written

]// _ 2 ( O-PCIQqustk
i = 1
v ‘Q' QuaaQubb

reproducing the glide-only dynamics proposed by Acharya and Roy (2006).
Substituting the current (Eq. (44)) into the free energy dissipation rate (Eq. (B.16)) gives

OF . D dJ‘iPK 2
7ol ()]

a)go (44)

where fP = G0y, and d; = 0, The equality emerges when the force f™ is along the same direction as d.

Unlike the traditional linear dissipative models, our CDD model, coarse grained from microscopic interactions, drives the
random plastic distortion to non-trivial stress-free states with dislocation wall singularities, as schematically illustrated in
Fig. 3.

Our minimal CDD model, consisting of GNDs evolving under the long-range interaction, provides a framework for under-
standing dislocation morphologies at the mesoscale. Eventually, it can be extended to include vacancies by coupling them to
the dislocation current (as discussed in C.1, or extended to include disorder, dislocation pinning, and entanglement by adding
appropriate interactions to the free energy functional and refining the effective stress field (as discussed in C.2). It has al-
ready been extended to include SSDs incorporating traditional crystal plasticity theories (Varadhan et al., 2006; Acharya
and Roy, 2006; Roy and Acharya, 2006).

3. Coarse graining

The discussion in Section 2 uses the language and conceptual framework of the condensed matter physics of systems
close to equilibrium - the generalized “hydrodynamics” used to derive equations of motion for liquids and gases, liquid crys-
tals, superfluids and superconductors, magnetic materials, etc. In these subjects, one takes the broken symmetries and con-
served quantities, and systematically writes the most general evolution laws allowed by symmetry, presuming that these
quantities determine the state of the material. In that framework, the Burgers vector flux J of Eqs. (15) and (16) would normally
be written as a general function of p and its gradients, constrained by symmetries and the necessity that the net energy de-
creases with time. Indeed, this was the approach Limkumnerd originally took (Limkumnerd, 2006), but the complexity of the
resulting theory and the multiplicity of terms allowed by symmetry led them to specialize (Limkumnerd and Sethna, 2006)
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to a particular choice motivated by the Peach-Koehler force - leading to the equation of motion previously developed by
Acharya (2001) and Roy and Acharya (2005).

The assumption that the net continuum dislocation density determines the evolution, however, is an uncontrolled® and
probably invalid assumption. Falk and Langer (1998) have argued that the chaotic motion of dislocations may lead to a statistical
ensemble that could allow a systematic theory of this type to be justified, but consensus has not been reached on whether this
will indeed be possible.) The situation is less analogous to deriving the Navier-Stokes equation (where local equilibrium at the
viscous length is sensible) than to deriving theories of eddy viscosity in fully developed turbulence (where unavoidable uncon-
trolled approximations are needed to subsume swirls on smaller scales into an effective viscosity of the coarse-grained system).
Important features of how dislocations are arranged in a local region will not be determined by the net Burgers vector density,
and extra state variables embodying their effects are needed. In the context of dislocation dynamics, these state variables are
usually added as SSDs and yield surfaces - although far more complex memory effects could in principle be envisioned.

Let us write p° as the microscopic dislocation density (the sum of line-§ functions along individual dislocations, as in Eq.
(1) and following equations). For the microscopic density, allowing both glide and climb, the dislocation current J° is directly
given by the velocity »°(x) of the individual dislocation passing through x (see Eq. (36)):

1 = 5. (46)
Let F? be the microscopic quantity F° coarse-grained density over a length-scale X,
Fix) = [ @yFx-+ywy). (47)

where w® is a smoothing or blurring function. Typically, we use a normal or Gaussian distribution N*
wHy) = N¥(y) = (2n2?) e/, (48)

For our purposes, we can define the SSD density as the difference between the coarse-grained density and the microscopic
density (Sandfeld et al., 2010):

PP (x) = p°(x) — p*(x) = p°(x) — ' / Fyp°(x + y)wH(y). (49)

(Acharya (2011) calls this quantity the dislocation fluctuation tensor field.)

First, we address the question of SSDs, which we do not include in our simulations. In the past (Chen et al., 2010), we have
argued that they do not contribute to the long-range stresses that drive the formation of the cell walls, and that the success-
ful generation of cellular structures in our simplified model suggests that they are not crucial. Here we go further, and sug-
gest that their density may be small on the relevant length-scales for cell-wall formation, and also that in a theory (like ours)
with scale-invariant structures it would not be consistent to add them separately.

What is the dependence of the SSD density on the coarse-graining scale? Clearly p° contains all dislocations; clearly for a
bent single crystal of size L, p* contains only those dislocations necessary to mediate the rotation across the crystal (usually a
tiny fraction of the total density of dislocations). As X increases past the distance between dislocations, canceling pairs of
Burgers vectors through the same grid face will leave the GNDs and join the SSDs. If the dislocation densities were smoothly
varying, as is often envisioned on long length scales, the SSD density would be roughly independent of ¥ except on micro-
scopic scales. But, for a cellular structure with gross inhomogeneities in dislocation density, the SSD density on the mesoscale
may be much lower than that on the macroscale. Very tangibly, if alternating cell walls separated by ¢ have opposite mis-
orientations (as is quite commonly observed (Kuhlmann-Wilsdorf and Hansen, 1991; Hughes and Hansen, 1993)), then the
SSD density for £ > ¢ will include most of the dislocations incorporated into these cell walls, while for £ < ¢ the cell walls
will be viewed as geometrically necessary.

How does the GND density within the cell walls compare with the total dislocation density for a typical material? Is it
possible that the GNDs dominate over SSDs in the regime where these cell wall patterns form? Recent simulations clearly
suggest (see Kiener et al., 2011, Figure. 5) that the distinction between GNDs and SSDs is not clear at the length scale of a
micron, and with reasonable definitions GNDs dominate by at least an order of magnitude over the residual average SSD den-
sity. But what about the experiments? While more experiments are necessary to clarify this issue, the existing evidence sup-
ports that at mesoscales, SSDs at least are not necessarily dominant. In particular, Hughes et al. (1997) observes that cell
boundary structures exhibit D,,0,,/b = C where D, is the average wall spacing and 0,, is the average misorientation angle
with C ~ 650 for ‘geometrically necessary’ boundaries (GNBs) and C ~ 80 for ‘incidental dislocation’ boundaries (IDBs). The
resulting dislocation density should scale as

1 0w C 02,

P& = Dt~ Db D7, p°C %

6 There are two uncontrolled approximations we make. Here we assume that the continuum, coarse-grained dislocation density p = p* determines the
evolution: we ignore SSDs as unimportant on the sub-cellular length-scales of interest to us. Later, we shall further assume that the nine independent
components of p; all are dragged by the stress with the same velocity.
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where h is the average spacing between GNDs in the wall.” There are some estimates available from the literature. Hughes
et al. (1997) tells us for pure aluminum that D,, is often observed to be Dy, = 1 — 5 pm which leads to roughly pS\2 ~ 10"
%(2.6 —65)/m? and pP& one order of magnitude smaller. Similar estimates in Godfrey and Hughes (2000) give pSN? =
10" - 6 x 10'3/m? for aluminum at von Mises strains of € = 0.2 and 0.6, respectively. The larger von Mises strains, the higher

dislocation density. Typically, in highly deformed aluminum (e ~ 2.7), the total dislocation density is roughly 10'®/m? (see
Hughes et al., 1998). While SSDs within a cell boundary may exist, it is clearly far from true that SSDs dominate the dynamics
in these experiments.

These TEM analyses of cell boundary sizes and misorientations have a misorientation cutoff 6y ~ 2° (Liu, 1994); they ana-
lyze the cell boundaries using a single typical length scale D,,. Our model behavior is formally much closer to the fractal
scaling analysis that Hahner et al. (1998) used. How does one identify a cutoff in a theory exhibiting scale invariance (i.e.,
with no natural length scale)? Clearly our simulations are cut off at the numerical grid spacing, and the scale invariant theory
applies after a few grid spacings. Similarly, if the real materials are described by a scale-invariant morphology (still an open
question), the cutoff to the scale invariant regime will be where the granularity of the dislocations becomes important - the
dislocation spacing, or perhaps the annihilation length. This is precisely the length scale at which the dislocations are indi-
vidually resolved - at which there is no separate populations of SSDs and GNDs. Thus ignoring SSDs in our theory is at least
self-consistent.

So, not only are the SSDs unimportant for the long-range stresses and appear unnecessary for our (presumably successful)
modeling of the formation of cell walls, but they also may be rare on the sub-cellular coarse-graining scale we use in our
modeling, and it makes sense in our mesoscale theory for us to omit their effects.

The likelihood that we do not need to incorporate explicit SSDs in our equations of motion does not mean that our equa-
tions are correct. The microscopic equation of motion, Eq. (46) naively looks the same as our ‘single-velocity’ equation of
motion we use (e.g., Eq. (36)). But, as derived in Acharya and Roy (2006), the coarse-graining procedure (Eq. (47)) leads to
a correction term L? to the single-velocity equations:

§ = (WP0h)” = vFal + [(0ah)" - vFal] = viek + L. (51)
Acharya interprets® this correction term I as the strain rate due to SSDs (Acharya and Roy, 2006; Roy and Acharya, 2006), and
later Beaudoin (Varadhan et al., 2006) and others (Mach et al., 2010) then use traditional crystal plasticity SSD evolution laws for
it. Their GNDs thus move according to the same single-velocity laws as ours do, supplemented by SSDs that evolve by crystal
plasticity (and thereby contribute changes to the GND density). This is entirely appropriate for scales large compared to the cel-
lular structures, where most of the dislocations are indeed SSDs.

Although we argue that SSDs are largely absent at the nanoscale where we are using our continuum theory, this does not
mean the single-velocity form of our equations of motion can be trusted. Unlike fluid mixtures, where momentum conser-
vation and Galilean invariance lead to a shared mean velocity after a few collision times, the microscopic dislocations are
subject to different resolved shear stresses and are mobile along different glide planes, so neighboring dislocations may well
move in a variety of directions (Sandfeld et al., 2010). If so, the microscopic velocity #° will fluctuate in concert with the
microscopic Burgers vector density ¢° on microscopic scales, and the correction L? will be large. Hence Acharya’s correction
term L also incorporates multiple velocities for the GND density. Our single-velocity approximation (e.g., Eq. (36)) must be
viewed as a physically allowed equation of motion, but a second uncontrolled approximation - the general evolution law for
the coarse-grained system will be more complex.

Let us be perfectly clear that our arguments, compelling on scales small compared to the mesoscale cellular structures,
should not be viewed as a critique of the use of SSDs on larger scales. Much of our understanding of yield stress and work
hardening revolves around the macroscopic dislocation density, which perforce are due to SSDs (since they dominate on
macroscopic scales). We also admire the work of Beaudoin, Acharya, and others which supplements the GND equations
we both study with crystal plasticity rules for the SSDs motivated by Eq. (51). Surely on macroscales the SSDs dominate
the deformation, and using a single-velocity law for the GNDs is better than ignoring them altogether, and we have no par-
ticular reason to believe that the contribution of multiple GND velocities in the evolution laws through L will be significant
or dominant.

4. Results
4.1. Two and three dimensional simulations

We perform simulations in 2D and 3D for the dislocation dynamics of Egs. (15) and (18), with dynamical currents defined
by CGD (Eq. (36)), GOD-MDP (Eq. (40)), and GOD-LVP (Eq. (44)). We numerically observe that simulations of Egs. (15) and

7 Only misorientation mediating dislocations are counted.
8 More precisely, Eq. (4) of Acharya and Roy (2006) contains two different definitions for L?; the one in Eq. (51) and Lg’.’ = [(v?(ggj - QSZU)Z] = [(v?@ﬁi”)z]. L
is of course a strain rate due to SSDs, but since ¢* varies in space [”" is not equal to L. Acharya (2012) suggests using a two-variable version of the SSD density,

05P(x,x') = 0°(x') — 0% (x), making the two definitions equivalent.
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(18) lead to the same results statistically (i.e., the numerical time step approximations leave the physics invariant). We
therefore focus our presentation on the results of Eq. (18), where the evolving field variable g° is unconstrained. Our CGD
and GOD-MDP models have been quite extensively simulated in one and two dimensions and relevant results can be found
in Limkumnerd and Sethna (2006), Limkumnerd and Sethna (2008) and Chen et al. (2010). In this paper, we concentrate on
periodic grids of spatial extent L in both two (Chen et al., 2010) and three dimensions. The numerical approach we use is a
second-order central upwind scheme designed for Hamilton-Jacobi equations (Kurganov et al., 2001) using finite differences.
This method is quite efficient in capturing 5-shock singular structures (Choi et al., 2012b), even though it is flexible enough to
allow for the use of approximate solvers near the singularities.

Our numerical simulations show a close analogy to those of turbulent flows (Choi et al., 2012b). As in three-dimensional
turbulence, defect structures lead to intermittent transfer of morphology to short length scales. As conjectured (Pumir and
Siggia, 1992a; Pumir and Siggia, 1992b) for the Euler equations or the inviscid limit of Navier-Stokes equations, our
simulations develop singularities in finite time (Limkumnerd and Sethna, 2006; Chen et al., 2010). Here these singularities
are 5-shocks representing grain-boundary-like structures emerging from the mutual interactions among mobile dislocations
(Choi et al., in preparation). In analogy with turbulence, where the viscosity serves to smooth out the vortex-stretching sin-
gularities of the Euler equations, we have explored the effects of adding an artificial viscosity term to our equations of motion
(Choi et al., 2012b). In the presence of artificial viscosity, our simulations exhibit nice numerical convergence in all

Fig. 4. Complex dislocation structures in two dimensions (1024?) for the relaxed states of an initially random distortion. Top: Dislocation climb is allowed;
Middle: Glide only using a mobile dislocation population; Bottom: Glide only using a local vacancy pressure. Left: Net GND density |g| plotted linearly in
density with dark regions a factor ~ 10* more dense than the lightest visible regions. (a) When climb is allowed, the resulting morphologies are sharp,
regular, and close to the system scale. (c) When climb is forbidden using a mobile dislocation population, there is a hierarchy of walls on a variety of length
scales, getting weaker on finer length scales. (e) When climb is removed using a local vacancy pressure, the resulting morphologies are as sharp as those (a)
allowing climb. Right: Corresponding local crystalline orientation maps, with the three components of the orientation vector A linearly mapped onto a
vector of RGB values. Notice the fuzzier cell walls (c) and (d) suggests a larger fractal dimension.
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dimensions (Choi et al., in preparation). However, in the limit of vanishing viscosity, the solutions of our dynamics continue
to depend on the lattice cutoff in higher dimensions, (our simulations only exhibit numerical convergence in one dimension).
Actually, the fact that the physical system is cut off by the atomic scale leads to the conjecture that our equations are in some
sense non-renormalizable in the ultraviolet. These issues are discussed in detail in Choi et al. (in preparation) and Choi et al.
(2012b)). See also Acharya and Tartar (2011) for global existence and uniqueness results from an alternative regularization
for this type of equations; it is not known whether these alternative regularizations will continue to exhibit the fractal scal-
ing we observe.

In the vanishing viscosity limit, our simulations exhibit fractal structure down to the smallest scales. When varying the
system size continuously, the solutions of our dynamics exhibit a convergent set of correlation functions of the various order
parameter fields, which are used to characterize the emergent self-similarity. This statistical convergence is numerically
tested in D.1.

In both two and three dimensional simulations, we relax the deformed system with and without dislocation climb in the
absence of external loading. Here, the initial plastic distortion field P is still a Gaussian random field with correlation length
scale v/2L/5 ~ 0.28L and initial amplitude §, = 1. (In our earlier work (Chen et al., 2010), we described this length as L/5,
using a non-standard definition of correlation length scale; see D.2.) These random initial conditions are explained in D.2.
In 2D, Fig. 4 shows that CGD and GOD-LVP simulations (top and bottom) exhibit much sharper, flatter boundaries than
GOD-MDP (middle). This difference is quantitatively described by the large shift in the static critical exponent 5 in 2D for

p—

Fig. 5. Complex dislocation structures in three dimensions (128*) for the relaxed states of an initially random distortion. Notice these textured views on the
surface of simulation cubes. Top: Dislocation climb is allowed; Middle: Glide only using a mobile dislocation population; Bottom: Glide only using a local
vacancy pressure. Left: Net GND density || plotted linearly in density with dark regions a factor ~ 10° more dense than the lightest visible regions. The
cellular structures in (a), (c), and (e) seem similarly fuzzy; our theory in three dimensions generates fractal cell walls. Right: Corresponding local crystalline
maps, with the three components of the orientation vector A linearly mapped onto a vector of RGB values.
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Fig. 6. The elastic free energy decreases to zero as a power law in time in both two and three dimensions. In both (a) and (b), we show that the free energy F
decays monotonically in time, and goes to zero as a power law for CGD, GOD-MDP, and GOD-LVP simulations, as the system relaxes in the absence of
external strain.

both CGD and GOD-LVP. In our earlier work (Chen et al., 2010), we announced this difference as providing a sharp distinction
between high-temperature, non-fractal grain boundaries (for CGD), and low-temperature, fractal cell wall structures (for
GOD-MDP). This appealing message did not survive the transition to 3D; Fig. 5 shows basically indistinguishable complex
cellular structures, for all three types of dynamics. Indeed, Table 1 shows only a small change in critical exponents, among
CGD, GOD-MDP, and GOD-LVP. During both two and three dimensional relaxations, their appropriate free energies mono-
tonically decay to zero as shown in Fig. 6.

4.2. Self-similarity and initial conditions

Self-similar structures, as emergent collective phenomena, have been studied in mesoscale crystals (Chen et al., 2010),
human-scale social network (Song et al., 2005), and the astronomical-scale universe (Vergassola et al., 1994). In some models
(Vergassola et al., 1994), the self-similarity comes from scale-free initial conditions with a power-law spectrum (Peebles,
1993; Coles and Lucchin, 1995). In our CDD model, our simulations start from a random plastic distortion with a Gaussian
distribution characterized by a single length scale. The scale-free dislocation structure spontaneously emerges as a result of
the deterministic dynamics.

Our Gaussian random initial condition is analogous to hitting a bulk material randomly with a hammer. The hammer
head (the dent size scale) corresponds to the correlated length. We need to generate inhomogeneous deformations like ran-
dom dents, because our theory is deterministic and hence uniform initial conditions under uniform loading will not develop
patterns.

We have considered alternatives to our imposition of Gaussian random deformation fields as initial conditions. (a)
As an alternative to random initial deformations, we could have imposed a more regular (albeit nonuniform)
deformation - starting with our material bent into a sinusoidal arc, and then letting it relax. Such simulations produce more
symmetric versions of the fractal patterns we see; indeed, our Gaussian random initial deformations have correlation lengths
‘hammer size’ comparable to the system size, so our starting deformations are almost sinusoidal (although different compo-
nents have different phases) - see D.2. (b) To explore the effects of multiple uncorrelated random domains (multiple small
dents), we reduce the Gaussian correlation length as shown in Fig. 7. We find that the initial-scale deformation determines
the maximal cutoff for the fractal correlations in our model. In other systems (such as two-dimensional turbulence) one can
observe an ‘inverse cascade’ with fractal structures propagating to long length scales; we observe no evidence of these here.
(c) As an alternative to imposing an initial plastic deformation field and then relaxing, we have explored deforming the mate-
rial slowly and continuously in time. Our preliminary ‘slow hammering’ explorations turn the Gaussian initial conditions P
into a source term, modifying Eq. (18) with an additional term to give 84)’}} =Ji+ ﬁgo/r. Our early explorations suggest that
slow hammering simulations will be qualitatively compatible with the relaxation of an initial rapid hammering. In this pa-
per, to avoid the introduction of the hammering time scale 7, we focus on the (admittedly less physically motivated) relax-
ation behavior.

In real materials, initial grain boundaries, impurities, or sample sizes, can be viewed as analogies to our initial dents -
explaining the observation of dislocation cellular structures both in single crystals and polycrystalline materials.

Fig. 7 shows relaxation without dislocation climb (due to the constraint of a mobile dislocation population) at various
initial length scales in 2D. From Fig. 7(a) to (f), the net GND density, the net plastic distortion, and the crystalline orientation
map, measured at two well-relaxed states evolved from different random distortions, all show fuzzy fractal structures, dis-
tinguished only by their longest-length-scale features that originate from the initial conditions. In Fig. 7(g)—(i), the correla-
tion functions of the GND density p, the intrinsic plastic distortion P!, and the crystalline orientation A are applied to
characterize the emergent self-similarity, as discussed in the following Section 4.3. They all exhibit the same power law,
albeit with different cutoffs due to the initial conditions.
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Fig. 7. Relaxation with various initial length scales in two dimensions. GNDs are not allowed to climb due to the constraint of a mobile dislocation
population in these simulations. (a)-(c) are the net GND density map |g|, the net plastic distortion |°| (the warmer color indicating the larger distortion),
and the crystalline orientation map in a fully-relaxed state evolved from an initial random plastic distortion with correlated length scale 0.07L. They are
compared to the same sequence of plots, (d)-(f), which are in the relaxed state with the initial length scale 0.21L three times as long. Notice the features
with the longest wave length reflecting the initial distortion length scales. (g)-(i) are the scalar forms (discussed in Section 4.3) of correlation functions of
the GND density p, the intrinsic plastic distortion P!, and the crystalline orientation A for well-relaxed states with initial length scales varying from 0.07L to
0.28L. They exhibit power laws independent of the initial length scales, with cutoffs set by the initial lengths. (The scaling relation among their critical
exponents will be discussed in Section 5.)

4.3. Correlation functions

Hierarchical dislocation structures have been observed both experimentally (Kawasaki and Takeuchi, 1980; Mughrabi et al.,
1986; Ungar et al., 1986; Schwink, 1992) and in our simulations (Chen et al., 2010). Early work analyzed experimental cellular
structures using the fractal box counting method (Héhner et al., 1998) or by separating the systems into cells and analyzing
their sizes and misorientations (Hughes et al., 1997; Hughes et al., 1998; Mika and Dawson, 1999; Hughes and Hansen,
2001).In our previous publication, we analyzed our simulated dislocation patterns using these two methods, and showed broad
agreement with these experimental analyses (Chen et al., 2010). In fact, lack of the measurements of physical order parameters
leads to incomplete characterization of the emergent self-similarity.> We will not pursue these methods here.

In our view, the emergent self-similarity should best be exhibited by the correlation functions of the order parameter
fields, such as the GND density p, the plastic distortion f°, and the crystalline orientation vector A. Here we focus on scalar
invariants of the various tensor correlation functions.

9 In these analyses of TEM micrographs, the authors must use an artificial cut-off to facilitate the analysis. This arbitrary scale obscures the scale-free nature
behind the emergent dislocation patterns.



110 Y.S. Chen et al./International Journal of Plasticity 46 (2013) 94-129

For the vector correlation function Cg (x) (Eq. (52)), only the sum C} (x) is a scalar invariant under three dimensional rota-
tions. For the tensor fields p and gP, their two-point correlation functions are measured in terms of a complete set of three
independent scalar invariants, which are indicated by ‘tot’ (total), ‘per’ (permutation), and ‘tr’ (trace). In searching for the
explanation of the lack of scaling (Chen et al., 2010) for ° (see Section 4.3.3 and E.1), we checked whether these independent
invariants might scale independently. In fact, most of them share a single underlying critical exponent, except for the trace-
type scalar invariant of the correlation function of >, which go to a constant in well-relaxed states, as discussed in
Section 5.1.2.

4.3.1. Correlation function of crystalline orientation field

As dislocations self-organize themselves into complex structures, the relative differences of the crystalline orientations
are correlated over a long length scale.

For a vector field, like the crystalline orientation A, the natural two-point correlation function is

Cij (%) = ((Ai(x) — Ai(0)(Aj(x) — Aj(0))) = 2(AiAy) — 2(Ai(X) A;(0)). (52)

Note that we correlate changes in A between two points. Just as for the height-height correlation function in surface growth
(Chaikin and Lubensky, 1995), adding a constant to A(X) (rotating the sample) leads to an equivalent configuration, so only
differences in rotations can be meaningfully correlated.

It can be also described in Fourier space

- 2~ o~
Cg(k) = 2(AiAj)(27r)36(l() v Ai(K)Aj(-K). (53)
In an isotropic medium, we study the scalar invariant formed from C{}

CM (%) = C (%) = 2(A%) = 2(Ai(X)Ai(0)). (54)

Fig. 8 shows the correlation functions of crystalline orientations in both 1024* and 128 simulations. The large shift in
critical exponents seen in 2D (Fig. 8(a)) for both CGD and GOD-LVP is not observed in the fully three dimensional simulations
(Fig. 8(b)).

4.3.2. Correlation function of GND density field

As GNDs evolve into s-shock singularities, the critical fluctuations of the GND density can be measured by the two-point
correlation function C” (x) of the GND density, which decays as the separating distance between two sites increases. The com-
plete set of rotational invariants of the correlation function of p includes three scalar forms

Croe(X) = (p;(X);;(0)), (55)
Cher(X) = (p(X);(0)), (56)
Co(X) = (pa(%)p;(0)). (57)

Fig. 9 shows all the correlation functions of GND density in both 1024% and 128> simulations. These three scalar forms of
the correlation functions of p exhibit the same critical exponent #, as listed in Table 1. Similar to the measurements of C*, the
large shift in critical exponents seen in 2D (Fig. 9(a)) for both CGD and GOD-LVP is not observed in the fully three dimen-
sional simulations (Fig. 9(b)).

4.3.3. Correlation function of plastic distortion field

The plastic distortion P is a mixture of both the divergence-free *' and the curl-free P, Fig. 10 shows that ° does not
appear to be scale invariant, as observed in our earlier work (Chen et al., 2010). It is crucial to study the correlations of the
two physical fields, g*' and P!, separately.

Similarly to the crystalline orientation A, we correlate the differences between P! at neighboring points. The complete set
of scalar invariants of correlation functions of P! thus includes the three scalar forms

Che (%) = (B2 (%) — B2 (0)) (B2 (%) — BE'(0))) = 2¢82" BB") — 2(82" (%) 2" (0)); (58)
Clor (%) = — (B2 (%) — A2 (0) (B2 (%) — B (0))) = —2(B2'B2") + 2B ()82 (0)): (59)
Ci (%) = (B2 (%) — AR (0)) (B2 (%) — BE(0))) = 2¢82" BE") — 2(B%" (%) B2 (0)); (60)

Al

where an overall minus sign is added to cgﬁ, so as to yield a positive measure.

In Fig. 11, the correlation functions of the intrinsic plastic distortion > in both 1024% and 128> simulations exhibit a crit-
ical exponent ¢’. These measured critical exponents are shown in Table 1. We discuss the less physically relevant case of P!
in E.1, Fig. D.17.
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relaxed, unstrained 128° systems. All dashed lines show estimated power laws quoted in Table 1. Notice all three scalar forms of the correlation functions of

GND density share the same power law.
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Fig. 10. Correlation functions of ° in two dimensions. Red, blue, and green lines indicate CGD, GOD-MDP, and GOD-LVP simulations, respectively. None of
these curves shows a convincing power law. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)

5. Scaling theory

The emergent self-similar dislocation morphologies are characterized by the rotational invariants of correlation functions
of physical observables, such as the GND density p, the crystalline orientation A, and the intrinsic plastic distortion g*'. Here
we derive the relations expected between these correlation functions, and show that their critical exponents collapse into a

single underlying one through a generic scaling theory.
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emergent self-similarity, as shown in Section 5.1.2.

, which are independent of distance, and unrelated to the

Table 1
Critical exponents for correlation functions at stress-free states. (C.F. and S.T. represent ‘Correlation Functions’ and ‘Scaling Theory’, respectively.)
C.F. S.T. Simulations
Climb and glide Glide only (MDP) LVP glide only (LVP)
2D (1024?) 3D (128%) 2D (1024?) 3D (128%) 2D (1024?) 3D (128%)
chy n 0.80+0.30 0.55+0.05 0.45+0.25 0.60 +0.20 0.80+£0.30 0.55+0.05
CI’J’E, n 0.80+0.20 0.55+0.05 0.45 +0.20 0.60 +0.20 0.70 £0.30 0.50 + 0.05
ch n 0.80+0.20 0.55+0.05 0.45 +0.20 0.60+0.10 0.70 £0.30 0.45 +£0.05
cA 2-n 1.10+0.65 1.45+0.25 1.50 +0.30 1.35+0.25 1.10 +0.65 1.50+0.25
Cfl’; 2-79 1.10+0.60 1.45+0.15 1.45+0.25 1.30+0.20 1.10+0.60 1.50+0.20
o
o™ 2-79 1.15+0.45 1.50+0.25 1.45+0.25 1.50 +0.50 1.20+0.45 1.55+0.25

per

In our model, the initial elastic stresses are relaxed via dislocation motion, leading to the formation of cellular structures.
In the limit of slow imposed deformations, the elastic stress goes to zero in our model. We will use the absence of external
stress to simplify our correlation function relations. (Some relations can be valid regardless of the existence of residual
stress.) Those relations that hold only in stress-free states will be labeled ‘sf’; they will be applicable in analyzing experi-
ments only insofar as residual stresses are small.

5.1. Relations between correlation functions

5.1.1.¢* and c*

For a stress-free state, we thus ignore the elastic strain term in Eq. (14) and write in Fourier space

Pis(K) L —ik; A (K) + ik A (K).

First, we can substitute Eq. (61) into the Fourier-transformed form of the correlation function Eq. (55)

Ch) L 1 (~ik A1) -+ gk A(K) ) (i Ai () — ioghkn An(—0)) L 7 (03K + kik) Al Ay (K.

Multiplying both sides of Eq. (53) by (5;‘]‘,{2 + kik;) gives

(S5K” + kiky)C i (k) Z — ‘3/ (55 + kiki) Ai (K) A (—K).

Comparing Eq. (63) and Eq. (62), we may write Cf, in terms of C} as

~ 1 -
Cloe() L (04K” + kik;)C (k).

(61)

(62)

(63)
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Second, we can substitute Eq. (61) into the Fourier-transformed form of the correlation function Eq. (56)

- 2
e (k)L hikiAi(l) Aj (). (65)
Multiplying both sides of Eq. (53) by k;k; and comparing with Eq. (65) gives
-, o ~
Cher(K) = —kik;Cj (k). (66)
Finally, we substitute Eq. (61) into the Fourier-transformed form of the correlation function Eq. (57)
chk) <L ék,»kjﬂ,»(k)f\j(—k). (67)
Repeating the same procedure of deriving E{,’er, we write C2 in terms of Eg as
Ch(k) L —2kikiC (k). (68)
Through an inverse Fourier transform, we convert Eqgs. (64), (66), and (68) back to real space to find

s 1 1

Chu(%) L 5 PCN (%) + 5 00,C (x), (69)
Cler (%) L 0,0,C1 (%), (70)
chx) L20:0,¢) (). (71)

5.1.2.¢"" and c*

The intrinsic part of the plastic distortion field is directly related to the GND density field. In stress-free states, the crys-
talline orientation vector can fully describe the GND density. We thus can connect ¢ to cM.

First, substituting EE' = —i&imki Pmj /k2 into the Fourier-transformed form of Eq. (58) gives

~ opl ok~ ok -
i 00 = 2585y 20000 ~ (i 1)) (i 13 (1))
. 2 /12 -
=2 Y2500 — 2 (G B0 ). (72)

During this derivation, some terms vanish due to the geometrical constraint on p, Eq. (6). Multiplying —k /2 on both sides of
Eq. (72) and applying the Fourier-transformed form of Eq. (55) gives

k2 ~pll ~5
5 Clot (K) = Cfye (k). (73)
In stress-free states, we can substitute Eq. (64) into Eq. (73)
K ot s 1 ~
5 Ol (0 L84 () = 5 (65K + kik; ) €3 k), (74)
which is rewritten after multiplying —2/k2 on both sides
o - kik: ~
Clt 19 L2+ 51 Cj k) (75)
Second, substituting ﬁ}.}’:' = —i&imki Pmj /k2 into the Fourier-transformed form of Eq. (59) gives
~ ] . 2 .ok~ . ks ~
(k) = —2<ﬁ5-‘ ﬁﬁ‘l>(2n)3()(k) +5 (—le”m k% pmj(k)> (usjs[ k% pﬁ(—k)>
2( priped 35(K) — 2 kik P (K) Prmi(—K) + 2 CE (k) — 2 2.1
= ~2(A'85") 2m)"a06) — - g kiki (1) Pmi(—K) + 5 Cll) — 5 Ch (k). (76)

where we skip straightforward but tedious expansions and the geometrical constraint on p, Eq. (6). Notice that this relation
is correct even in the presence of stress.
In stress-free states, we substitute Eqs. (61), (64), (68) into Eq. (76), and ignore the constant zero wavelength term

s 2kik o« . .~ o 1 N 4, -
k)L - e (~ikiAm(K) + 10k A(K) ) (iki A (1) = 0mikn An(—K)) = 1 (€05 + el CJ )+ i (k)
x iz%&g(k). (77)

Finally, substituting Bg‘ = —i&imki Pmj /k2 into the Fourier-transformed form of Eq. (60) gives
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~ ol . 2 . ~ . o ~

00 = 20578512000 — (e s i) ) (i 1370

2 2~

2 Chall) + 5T 78)

valid in the presence of stress. Here we repeat a similar procedure as was used to derive in Eq. (76).
In stress-free states, we substitute Egs. (61), (64), (66) into Eq. (78)

2 ~ ~
= 2(#8'85") 2m)"5(00) + - 2 kiki () () ~

ol 1 ~ 2~
i SE 200" oY) (2m)* (k) + 2 (K05 + kik;)C2 (k) — e kikiC} (k)

Zk,'k' 0% . e e . x sf 1 opl 3
e (—ikiAm (1) + 0k Ax(K) ) (ki Am(—k) = 6mkn An(—K) ) L2085 g5") (27)° (k) (79)

which is a trivial constant in space.
Through an inverse Fourier transform, Eqs. (75), (77), and (79) can be converted back to real space, giving

o wolevm + g [ (2-35)ejon) (80)
p.l sf 1 3., 51 RR y
L ﬁ/d"(R—i— )i, 1)
! ! B ! 3 ] N N
e 0oLz [ @x oo o) = 2('s'), (82)
where R = X’ — X. According to Eqgs. (75) and (77), we can extract a relation
Cher (%) — 215 (x) + 2¢* (%) L const. (83)

We can convert Eq. (73) through an inverse Fourier transform
1 i
Clor(X) = 5 0°Clyr (X), (84)
or

BN L 3., Cot (X))
Ciot (X) = ZR/dX7R )

valid in the presence of residual stress.
5.2. Critical exponent relations

When the self-similar dislocation structures emerge, the correlation functions of all physical quantities are expected to
exhibit scale-free power laws. We consider the simplest possible scenario, where single variable scaling is present to reveal
the minimal number of underlying critical exponents.

First, we define the critical exponent # as the power law describing the asymptotic decay of Cf,.(X) ~ |x|™", one of the cor-
relation functions for the GND density tensor (summed over components). If we rescale the spatial variable x by a factor b,
the correlation function C” is rescaled by the power law as

Chor (DX) = b™"Cry (%) (86)

Similarly, the correlation function of the crystalline orientation field A is described by a power law, C*(x) ~ |x|°, where o
is its critical exponent. We repeat the rescaling by the same factor b

C(bx) = b’CA(x). (87)
Since ¢, can be written in terms of ¢*, Eq. (69), we rescale this relation by the same factor b
g 17017 1[o5] [6;
ch . (bx) = 5 H CM(bx) +§ FI Fj Cg(bx). (88)
Substituting Eq. (87) into Eq. (88) gives
i 1 s
Clalb) £ b7 [557C 00 + 5000}0] L b7 "l (89)

Comparing with Eq. (86) gives a relation between ¢ and
g=2-1. (90)
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We can repeat the same renormalization group procedure to analyze the critical exponents of the other two scalar forms
of the correlation functions of the GND density field. Clearly, Cf,. and Cj; share the same critical exponent 1 W1th ch..

Also, we can define the critical exponent ¢’ as the power law describing the asymptotic growth of Cm[( )~ X%,
one of the correlation functions for the intrinsic part of the plastic distortion field. We can rescale the correlation func-

tion ¢
Cloe (bX) = b”Cly; (). (91)
We rescale the relation Eq. (84) by the same factor b, and substitute Eq. (91) into it

2
Clalb) =3 [5] el (b0 =672 357l 00| =7 0. (02)
Comparing with Eq. (86) also gives a relation between ¢’ and #
g=2-n (93)

Since both Cfop[ and C* share the same critical exponent 2 — 7, it is clear that Cﬁzr, the other scalar form of the correlation
functions of the intrinsic plastic distortion field, also shares this critical exponent, according to Eq. (83).

Thus the correlation functions of three physical quantities (the GND density p, the crystalline orientation A, and the
intrinsic plastic distortion ™) all share the same underlying universal critical exponent # for self-similar morphologies,
in the case of zero residual stress, and still hold in the limit of slow imposed deformation. Table 1 verifies the exis-
tence of single underlying critical exponent in both two and three dimensional simulations for each type of dynamics.
Imposed strain, studied in Chen et al., 2010, could in principle change #, but the scaling relations derived here should
still apply. The strain, of course, breaks the isotropic symmetry, allowing even more allowed correlation functions to be
measured.

5.3. Coarse graining, correlation functions, and cutoffs

Our dislocation density p, as discussed in Section 3, is a coarse-grained average over some distance X - taking the discrete
microscopic dislocations and yielding a continuum field expressing their flux in different directions. Our power laws and
scaling will be cut off in some way at this coarse-graining scale. For our simulations, the correlation functions extend down
to a few times the numerical grid spacing (depending on the numerical diffusion in the algorithm we use). For experiments,
the correlation functions will be cut off in ways that are determined by the instrumental resolution. Since the process of
coarse-graining is at the heart of the renormalization-group methods we rely upon to explain the emergent scale invariance
in our model, we make an initial exploration here of how coarse-graining by the Gaussian blur of Eq. (47) and Eq. (48) affects
the p* — p* correlation function.

Following Eq. (47),

b 1 3 72 22 3 —12 252)
Clou(®) = (PF(XP(0)) = V(27'LZZ / /dzp,jy+z 2/ /d ZpY(y +x +2)e /), (94)
By changing variables s =y +z and A =z’ — z, we integrate out the variable z of Eq. (94),
1 3 30 0 —A%/(43?) _
eS0T V /d A/d Sp;i(S)p;(s + A +X)e = g

In our simulating system, the correlation functions of GND density can be described by a power-law Eq. (86),
Ch.(X) = g|x|™", where g is a constant. Thus, Eq. (95) is

z
Cror (X) =

(%) = / PACE (x + A)e /) (95)

— & [ PAX+A[ e/, 96
8n3/223 / X+ Al (%6)
This correlation function of the coarse-grained GND density at the given scale X is a power-law smeared by a Gaussian
distribution.

Since the scalar field of the coarse-grained correlation function is rotational invariant, we assume that X is aligned along
the x axis, X = (x,0,0). Then we could evaluate the integral of Eq. (96) in cylindrical coordinates A = (X, 1,0)

Cf;r(x )= m/ 27‘crdr/ dX|(x + X)? + 12| "? o (X2+1)/(4%2)
= ﬁzﬁﬂ*l / dXeX +2xX)/(422) F(l —n/2, (X+X)2/(422)). (97)

We can rewrite this coarse-grained correlation functions Eq. (97) as a power-law multiplied by a scaling function

Cloc (%, Z) = gl " (x/Z), (98)
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Fig. 12. Scaling function of the correlation function of coarse-grained GND density p*. We calculate the correlation function of the coarse-grained GND
density at the given scale X. Theoretically, its scaling function remains a power-law at the small coarse-graining length scale, and flattens out to be 1 as the
correlation length of the system is far larger than the coarse-graining scale.

where the scaling function ¥(-) (Fig. 12) equals

_ 1
T ol

¥(9) ot [ " dse A (12172, (5 9)7/4). (99)

6. Conclusion

In our earlier works (Limkumnerd and Sethna, 2006; Chen et al., 2010; Choi et al., 2012b), we have proposed a flexible
framework of CDD to study complex mesoscale phenomena of collective dislocation motion. Traditionally, deterministic
CDDs have missed the experimentally ubiquitous feature of cellular pattern formation. Our CDD models have made progress
in that respect. In the beginning, we focused our efforts on describing coarse-grained dislocations that naturally develop dis-
location cellular structures in ways that are consistent with experimental observations of scale invariance and fractality, a
target achieved in Chen et al. (2010). However, that paper studied only 2D, instead of the more realistic 3D.

In this manuscript, we go further in many aspects of the theory extending the results of our previous work:

We provide a derivation of our theory that explains the differences with traditional theories of plasticity. In addition to
our previously studied climb-glide (CGD) and glide-only (GOD-MDP) models, we extend our construction in order to incor-
porate vacancies, and re-derive (Acharya and Roy, 2006) a different glide-only dynamics (GOD-LVP) which we show exhibits
very similar behavior in 2D to our CGD model. It is worth mentioning that in this way, the GOD-LVP and the CGD dynamics
become statistically similar in 2D, while the previously studied, less physical, GOD-MDP model provides rather different
behavior in 2D (Chen et al., 2010).

We present 3D simulation results here for the first time, showing qualitatively different behavior from that of 2D. In 3D,
all three types of dynamics — CGD, GOD-MDP and GOD-LVP - show similar non-trivial fractal patterns and scaling dimen-
sions. Thus our 3D analysis shows that the flatter ‘grain boundaries’ we observe in the 2D simulations are not intrinsic to
our dynamics, but are an artifact of the artificial z-independent initial conditions. Experimentally, grain boundaries are in-
deed flatter and cleaner than cell walls, and our theory no longer provides a new explanation for this distinction. We expect
that the dislocation core energies left out of our model would flatten the walls, and that adding disorder or entanglement
would prevent the low-temperature glide-only dynamics from flattening as much.

We also fully describe, in a statistical sense, multiple correlation functions - the local orientation, the plastic distortion,
the GND density - their symmetries and their mutual scaling relations. Correlation functions of important physical quanti-
ties are categorized and analytically shown to share one stress-free exponent. The anomaly in the correlation functions of P,
which was left as a question in our previous publication (Chen et al., 2010), has been discussed and explained. All of these
correlation functions and properties are verified with the numerical results of the dynamics that we extensively discussed.

As discussed in Section 1, our model is an immensely simplified caricature of the deformation of real materials. How does
it connect to reality?

First, we show that a model for which the dynamics is driven only by elastic strain produces realistic cell wall structures
even while ignoring slip systems, crystalline anisotropy (Hughes et al., 1998), pinning, junction formation, and SSDs. The fact
that low-energy dislocation structures (LEDS) provides natural explanations for many properties of these structures has long
been emphasized by Kuhlmann-Wilsdorf (1987). Intermittent flow, forest interactions, and pinning will in general impede
access to low energy states. These real-world features, our model suggests, can be important for the morphology of the cell
wall structures but are not the root cause of their formation nor of their evolution under stress (discussed in previous work
(Chen et al., 2010)).

One must note, however, that strain energy minimization does not provide the explanation for wall structures in our
model material. Indeed, there is an immense space of dislocation densities which make the strain energy zero (Limkumnerd
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and Sethna, 2007), including many continuous densities. Our dynamics relaxes into a small subset of these allowed struc-
tures - it is the dynamics that leads to cell structure formation here, not purely the energy. In discrete dislocation simula-
tions and real materials, the quantization of the Burgers vector leads to a weak logarithmic energetic preference for sharp
walls. This —ub/(4n(1 — v))0log 0 energy of low-angle grain boundaries yields a log2 preference for one wall of angle 6
rather than two walls of angle /2. This leads to a ‘zipping’ together of low angle grain boundaries. Since b — 0 in a con-
tinuum theory, this preference is missing from our model. Yet, we still find cell wall formation suggesting that such mech-
anisms are not central to cell wall formation.

Second, how should we connect our fractal cell wall structures with those (fractal or non-fractal) seen in experiments?
Many qualitatively different kinds of cellular structures are seen in experiments - variously termed cell block structures, mo-
saic structures, ordinary cellular structures,...Hansen et al. (2011) recently categorized these structures into three types, and
argue that the orientation of the stress with respect to the crystalline axes largely determines which morphology is exhib-
ited. The cellular structures in our model, which ignores crystalline anisotropy, likely are the theoretical progenitors of all of
these morphologies. In particular, Hansen’s type 1 and type 3 structures incorporate both ‘geometrically necessary’ and ‘inci-
dental dislocation’ boundaries (GNBs and IDBs), while type 2 structures incorporate only the latter. Our simulations cannot
distinguish between these two types, and indeed qualitatively look similar to Hansen'’s type 2 structures. One should note
that the names of these boundaries are misleading - the ‘incidental’ boundaries do mediate geometrical rotations, with
the type 2 boundaries at a given strain having similar average misorientations to the geometrically necessary boundaries
of type 1 structures (Hansen et al., 2011, Fig. 8). It is commonly asserted that the IDBs are formed by statistical trapping
of stored dislocations; our model suggests that stochasticity is not necessary for their formation.

Third, how is our model compatible with traditional plasticity, which focuses on the total density of dislocation lines? Our
model evolves the net dislocation density, ignoring the geometrically unnecessary or statistically stored dislocations with can-
celing Burgers vectors. These latter dislocations are important for yield stress and work hardening on macroscales, but are
invisible to our theory (since they do not generate stress). Insofar as the cancelation of Burgers vectors on the macroscale is
due to cell walls of opposing misorientations on the mesoscale, there needs to be no conflict here. Also our model remains
agnostic about whether cell boundaries include significant components of geometrically unnecessary dislocations. However,
our model does assume that the driving force for cell boundary formation is the motion of GNDs, as opposed to (for example)
inhomogeneous flows of SSDs.

There still remain many fascinating mesoscale experiments, such as dislocation avalanches (Miguel et al., 2001; Dimiduk
et al., 2006), size-dependent hardness (smaller is stronger) (Uchic et al., 2004), and complex anisotropic loading (Schmitt
etal., 1991; Lopes et al., 2003), that we hope to emulate. We intend in the future to include several relevant additional ingre-
dients to our dynamics, such as vacancies (C.1), impurities (C.2), immobile dislocations/SSDs and slip systems, to reflect real
materials.
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Appendix A. Physical quantities in terms of the plastic distortion tensor P

In an isotropic infinitely large medium, the local deformation u, the elastic distortion g° and the internal long-range stress
o™ can be expressed (Mura, 1991; Limkumnerd and Sethna, 2006) in terms of the plastic distortion field ° in Fourier space:

(k) = Niyg () 35, (k)

1 . Vkiékl . kikkk[

Niu(K) = —— (ki + kidy) — i i ; Al

(k) = =g o+ low) = T e (A
~iej(k) = Tyu(K) B3 (K),

1 2 - kk 2.

Tin(K) = = (kikidy + kikidi — k” 0 051) + ———— (VK“ 614 — kiky); A2

ik (K) kz( 0j1 19k %0jl) a 7‘))]{4( i — kik) (A2)
" (K) = Mijnn (K) B, (K),

) _2uv (kink, 6y + kikiomn kiknm _ kiky, _ .
Mumn(k) = 1_v < k2 - 51]()mn) + u(?é}n + k—zélm - 01m5]n>

krik, N kik ‘ . 2u kikjkmky,
+u( 2 o,m+?5,n75majm> T (A3)

All these expressions are valid for systems with periodic boundary conditions.
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According to the definition Eq. (12) of the crystalline orientation A, we can replace ¢ with ¢ and €® by using the elastic
distortion tensor decomposition Eq. (A.2)

1
Ai = 5 (B = €G- (A4)

Here the permutation factor acting on the symmetric elastic strain tensor gives zero. Hence we can express the crystalline
orientation vector A in terms of P by using Eq. (A.2)

kik ~
I (s — kskc)}l??f(k)

~ 1 1
Ai(k) = isijk{k_z (kiksoxe + kikedrs — K550k + Y

1 N
=2z (iickiks + egskike — K &ist) B2 (K). (A5)

Appendix B. Energy dissipation rate
B.1. Free energy in Fourier space
In the absence of external stress, the free energy F is the elastic energy caused by the internal long-range stress
3 int 3 1 e e
F=[dxs a €= [d xicijmneijemn, (B.1)

where the stress is J%}“ = Cijmne;n, with Cjm, the stiffness tensor.
Using the symmetry of Cyn, and ignoring large rotations, € = (f; + f;;)/2, we can rewrite the elastic energy F in terms of

ﬂe
1
F = [ @% 5 Combiin (B2)
Performing a Fourier transform on both [3}]’. and gP, simultaneously gives

d3k d3k i 1o ez o
Fo / / el(k+k/)x(ECUmnﬁg‘(k)ﬁ;n(k)). (B.3)

Integrating out the spatlal variable x leaves a 6—function §(k + K') in Eq. (B.3). We hence integrate out the k-space variable K’

k1. .
F = [ G 2Com P00 (B4)
Substituting Eq. (A.2) into Eq. (B.4) gives
d’k 1 S d’k 1
F = [ s 2 ComTim 0 T (1) P 0P = = [ 55 3 M2 R o), (B5)

where we skip straightforward but tedious simplifications.
When turning on the external stress, we repeat the same procedure used in Eq. (B.3), yielding

FX¥ = [ @PxopP = — Pk (k) f2(—K) (B.6)
= i Py = 2ny 70 il K- :

B.2. Calculation of energy functional derivative with respect to the GND density ¢

According to Eq. (17), the infinitesimal change of the variable 6¢ is given in terms of 5P
5Quk = gijlsal (5ﬁ5k)' (B.7)

Substituting Eq. (B.7) into Eq. (27) and applying integration by parts, the infinitesimal change of F is hence rewritten in
terms of fP

OF[BF] = / d3xgu,58:< ;of >5ﬁ5k (B.8)
kl

According to Eq. (24), it suggests
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FB) = / ax ﬁpk F 5 — / X (—~04)3f",. (B.9)
S
Comparing Eq. (B.8) and Eq. (B.9) implies
oF
gl]ls l<aQUk> = —0Og, (B]O)

up to a total derivative which we ignore due to the use of periodic boundary conditions.
B.3. Derivation of energy dissipation rate
We can apply variational methods to calculate the dissipation rate of the free energy. As is well known, the gen-

eral elastic energy £ in a crystal can be expressed as &= fd3x g€y, with € the elastic strain. An infinitesimal
change of € is:

1
:i/d3x0,,be +5 /d X 00€§ _/d X Gj0€S, (B.11)

where we use a,jb‘efj = Cij,<le§l($e = 00j€;; i
So the infinitesimal change of the free energy Eq. (20) is

OF = / &x (oy'o€; — o7oel). (B.12)
We apply the relation €® = € — €P, where €P is the plastic strain and € is the total strain:

. "3 :

oF = / d’x (oo - aytoch — agtoer ). (B.13)

Using the symmetry of ¢; and ignoring large rotations, €; = 1 (9iu; + d;ju;), we can rewrite the first term of Eq. (B.13) as
fd3x a”‘to (0;u;). Integrating by parts yields fd3 ( 5ujo—".“) — 0u;0; o‘"t) We can convert the first volume integral to a sur-
face integral, which vanishes for an infinitely large system. Hence

OF = / d’x a, ou; — (o) + a;xt)aeg). (B.14)
The first term of Eq. (B.14) is zero assuming instantaneous elastic relaxation due to the local force equilibrium condition,
oF = — / P (1 + 52)op, (B.15)

using the symmetry of oy and €] = § (55 + ff).
The free energy dissipation rate is thus 67 /ot for 6p) = =9 5t, hence

| o 1
— [ @x (@}t oGl = - [ dxiof s oy (B.16)

When dislocations are allowed to climb, substituting the CGD current Eq. (36) into Eq. (B.16) implies that the free energy
dissipation rate is strictly negative

ai: =— / d*x (a}}“+af’“ UlQlu = / d’x (B.17)

When removing dislocation climb by considering the mobile dislocation population, we substitute Eq. (40) into Eq. (B.16) to
guarantee that the rate of the change of the free energy density is also the negative of a perfect square

1
—— [ @xiopt+ o5 v 05 govew) | = - [ Gl < (5.18)

Appendix C. Model Extensions: Adding vacancies and disorder to CDD
C.1. Coupling vacancy diffusion to CDD
In plastically deformed crystals at low temperature, dislocations usually move only in the glide plane because vacancy

diffusion is almost frozen out. When temperature increases, vacancy diffusion leads to dislocation climb out of the glide
plane. At intermediate temperatures, slow vacancy diffusion can enable local creep. The resulting dynamics should couple
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the vacancy and dislocation fields in non-trivial ways. Here we couple the vacancy diffusion to the dislocation motion in our
CDD model.

We introduce an order parameter field c(x), indicating the vacancy concentration density at the point x. The free energy F
is thus expressed

F=F" 4 Fe= /d3x<%‘7ij6§+%“(5*50)2>7 €D

where o is a positive material parameter related to the vacancy creation energy, and ¢y is the overall equilibrium vacancy
concentration density.
Assuming that GNDs share the velocity » in an infinitesimal volume, we write the current J for GNDs

Jij = vy (C.2)

The current trace J; describes the rate of volume change, which acts as a source and sink of vacancies. The coupling dynamics
for vacancies is thus given as

ac =YV +Jj, (€3)

where 7y is a positive vacancy diffusion constant.
The infinitesimal change of the free energy F (Eq. C.1) is

3 }—Dls ]_—Vac
OF = / d’x ( : o + 5c>. (C.4)
We apply Eq. (B.15) and 6" /dc = a(c — ¢o)
5F = /d3x<70ij6ﬁg +a(c— co)éc>. (C5)

The free energy dissipation rate is thus 67 /ot for 5} = =25t and dc = £ oc, hence

/d3 (a,] o (c—co)%) (C.6)

Substituting the current J (Eq. C.2) and and Eq. (C.3) into Eq. (C.6) gives
~ [ @x(os(nueu) - e - ) (Ve + mgu) = - [ Ex((05 - ale  cdyey)va— [ Exop(Te?  (€7)

where we integrate by parts by assuming an infinitely large system.

If we choose the velocity v, = i b (o — a(c — o)) 0, (D is a positive material dependent constant and 1/|¢| is added for
the same reasons as discussed in Section 2.3.1), the free energy is guaranteed to decrease monotonically. The coupling
dynamics for both GNDs and vacancies is thus

atﬁp il (O'mn - O((C - CO)(St‘rm)Qumn@uij7 (C 8)
o€ = “/VZC + = Tol (Gmn - OC(C - Co)émn)Quanukk- '

This dynamics gives us a clear picture of the underlying physical mechanism: the vacancies contribute an extra hydrostatic
pressure p = —o(C — Cp).

C.2. Coupling disorder to CDD

In real crystals, the presence of precipitates or impurities results in a force pinning nearby dislocations. We can mimic this
effect by incorporating a spatially varying random potential field V(x). In our CDD model, we can add the interaction energy
between GNDs and random disorder into the free energy F (Eq. (C.6))

F = -7:E+-7:I /d ( O'mtE _O.extel)+v( )‘Q|>7 (Cg)

where F indicates the elastic free energy corresponding to the integral of the first two terms, and F; indicates the interac-
tion energy, the integral of the last term.
An infinitesimal change of the free energy is written

OF = 6F¢ 1+ 0F) = / ’x (‘”T Ok 5pp + g; ' ,) (C.10)
sk

In an infinitely large system, Eq. (B.15) gives
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O0FE ;

Wg = —(0j" + a§), (C11)
and Eq. (B.8) implies

. OFI . Qji

OF1 = /d3xg,»j1561 =)o = /d3Xgiﬂs3:<V(X) ik)‘s i (€12)

. 0Qijk . lol
Substituting Eq. (C.11) and Eq. (C.12) into Eq. (C.10) gives
) Qi

oF = — / a3x<a;jm + 09— g (V(x) “‘ZTJ»aﬁg - / Pxao, (C.13)

where the effective stress field is 65" = ol + 05 — g,i01 ( V(X) "‘Z‘f .

By replacing o; with ag.ff in the equation of motion of either allowing climb (Eq. 36) or removing climb (Eqgs. 40 and 44),
we achieve the new CDD model that models GNDs interacting with disorder.

Appendix D. Details of the Simulations
D.1. Finite size effects

Although we suspect that our simulations don’t have weak solutions (Choi et al., in preparation), we can show that these
solutions converge statistically. We use two ways to exhibit the statistical convergence.

When we continue to decrease the grid spacing to zero (the continuum limit), we show the statistical convergence of cor-
relation functions of p, A, and !, with a slow expected drift of apparent exponents with system size, see Fig. C.13.

We can also decrease the initial correlated length scales in a large two dimensional simulation. Since the emergent self-
similar structures are always developed below the initial correlated lengths, as discussed in Section 4.2, this is similar to
decreasing the system size by reducing the initial correlated lengths. In Fig. C.14, the correlation functions of p, A, and P
collapse into a single scaling curve, using finite size scaling.

D.2. Gaussian random initial conditions
Gaussian random fields are extensively used in physical modelings to mimic stochastic fluctuations with a correlated

length scale. In our simulations, we construct an initially random plastic distortion, a nine-component tensor field, where
every component is an independent Gaussian random field sharing a underlying length scale.
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Fig. C.13. Statistical convergence of correlation functions of A, p and fP' by varying lattice sizes in two dimensions. We compare correlation functions of
relaxed glide-only states (GOD-MDP) at resolutions from 128 to 1024 systems. Top: We see that the correlation functions in all cases exhibit similar power
laws in (a)-(c); Bottom: (d)-(f) show a single underlying critical exponent which appears to converge with increasing resolution, where a is the grid spacing.
The black dashed lines are guides to the eye.
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Fig. C.14. Statistical convergence of correlation functions of A, p and ' by varying the initial length scales in 1024” simulations. We measure correlation
functions of relaxed glide-only states (GOD-MDP) at initial correlated lengths from 0.07L to 0.28L. In (a)-(c), the radial-length variable R is rescaled by their
initial correlation lengths, and the corresponding correlation functions are divided by the same lengths to the exhibiting powers. They roughly collapse into
the scaling laws. Notice that the power laws measured in the state with the initial correlated length 0.07L get distorted due to the small outer cutoff.

We define a Gaussian random field f with correlation length ¢, by convolving white noise (¢(x)¢(x’)) = 6(x — x') with a
Gaussian of width og:

f00 = [ dxzre ¥ (D.1)

In Fourier space, this can be done as a multiplication:

k) = e 7K 4 E (k). (D2)

The square f(K)f (—k) = e~/ implies that the correlation function (f(X)f(x')) = (27g2)>/2e-x)"/27))
In our simulations, the initial plastic distortion tensor field g° is constructed in Fourier space

~ 2~
P(k) = e 8K /A T(k), (D.3)
where the white noise signal { is characterized as ({; (X){i; (X)) = A¢;d(X — X'), and in Fourier space %Z(i.j) (l()Z(i_j)(*k) = Agij)-

(We use (i,j) to indicate a component of the tensor field, to avoid the Einstein summation rule.) The correlation function of
each component of P! is thus expressed in Fourier space

~opll 2~ ~ a2k?
Cly = 2(B%j Bl 2m) (k) — v Pl 05y (k) = 2(B%;,BE) (2m) 5(k) — 2A5e 702, (D4)

where the Gaussian kernel width gy, as a standard length scale, defines the correlation length of our simulation. (In our ear-
lier work, we use a non-standard definition for the correlation length, so our ¢, equals the old length scale times v2.)
According to Eq. (9) and Eq. (D.3), we can express the initial GND density field p in Fourier space

Dii(K) = —iggme 0 4k T pi(K). (D.5)
The scalar invariant £, of the correlation function of p is thus expressed in Fourier space
1. . - 1 ~ ~
Clor () = 7 D(0) Py (—K) = 7€ B2 (1 5 — Kk ) g (1) Coy (ko). (D.6)

The resulting initial GND density is not Gaussian correlated, unlike the initial plastic distortion. Fig. D.15 exhibits the ini-
tial GND density map due to the Gaussian random plastic distortions with the correlation length 0.28L, and its correlation
function. We compare the latter to the correlation functions of both a sinusoidal wave and a single periodic superposition of
Gaussian peaks. The similarity of the three curves shows that our Gaussian random initial condition at gy ~ 0.28L ap-
proaches the largest effective correlation length possible for periodic boundary conditions.

Appendix E. Other correlation functions unrelated to static scaling theory
E.1. Correlation functions of the strain-history-dependent plastic deformation and distortion fields

The curl-free strain-history-dependent part of the plastic distortion field, as shown in Fig. D.16(a), (c), and (e), exhibits
structures reminiscent of self-similar morphology. We correlate their differences at neighboring points
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Fig. D.15. Gaussian random initial conditions with the correlated length scale 0.28L in two dimensions. (a) shows the initial net GND density map; (b)
exhibits the correlation functions of p under various initial conditions, where we compare the Gaussian random field to both a sinusoidal wave and a single
periodic superposition of Gaussian peaks. The kink arises due to the edges and corners of the square unit cell.

Clac (0) = (83" () = 7 (0) (85" (%) - B(0))), (E1)
Char () = (B3 () — BT (0) (8" (%) - B3™(0))), (E2)
ol %) = (8" %) = B 0) (82" (%) — B3 (0))). (E3)

Consider also the deformation field y (shown in Fig. D.16 of Eq. (19) whose gradient gives the strain-history-dependent
plastic deformation gP*. Similarly to the crystalline orientation A, we correlate differences of y. The unique rotational invari-
ant of its two-point correlation functions is written

Cr(x) = 2(0%) = 2((X)¥(0)). (E-4)

In Fig. D.17, the correlation functions of the strain-history-dependent plastic distortion " in both 1024* and 128> sim-
ulations show critical exponents T and 7’. Although apparently unrelated to the previous underlying critical exponent #, this
exponents T and 7’ quantify the fractality of the strain-history-dependent plastic distortion. Fig. D.18 shows the correlation
functions of the strain-history-dependent deformation ¥, with the critical exponent t” close to 2, which implies a smooth
non-fractal field, shown in Fig. D.16(c) and (d). All measured critical exponents are listed in Table D.2.

Fig. ]2.1 7 shows the power-law dependence of the rotational invariants Cffer and C’gp’H (they overlap). According to the def-
inition [)’g' = ik; l//J, we can write down the Fourier-transformed forms of Eq. (E.2) and Eq. (E.3) respectively

it (k) = </35~“/;;~“>(2n)35(k) - %kikj%(k)%(—k), (E.5)
& k) = 2( B ) 2mo(0) — & ik )T (K). (E6)

Except the zero-wavelength terms, the same functional forms shared by these two rotational scalars explain the observed
overlapping power laws.

E.2. Stress-stress correlation functions

As the system relaxes to its final stress-free state, we can measure the fluctuations of the internal elastic stress fields,
using a complete set of two rotational invariants of correlation functions (Fig. E.19(a,b)):

Cou(X) = (0" (X)5(0)), (E7)
Crx) = (o3 (0} (0)); (E8)

and in Fourier space

Cr) = 5 G (K5 (), £9)
co(k) = %o*"“(l() int(—k). (E.10)

Because g is symmetric, these two correlation functions form a complete set of linear invariants under rotational
transformations.
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Fig. D.16. Strain-history-dependent fields f*" and y in two dimensions for the relaxed states. Top: Dislocation climb is allowed; Middle: Glide-only using a
mobile dislocation population; Bottom: Glide-only using a local vacancy pressure. Left: The strain-history-dependent plastic distortion |P"]. (a), (c), and (e)
exhibit patterns reminiscent of self-similar dislocation structures. Right: The strain-history-dependent plastic deformation [y|. (b), (d), and (f) exhibit
smooth patterns with a little distortion, which are not fractal.
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Fig. D.17. Correlation functions of g*"! in both two and three dimensions. In both (a) and (b), the correlation functions of the strain-history-dependent part
of the plastic distortion " are shown. Left: (a) is measured in relaxed, unstrained 1024> systems; Right: (b) is measured in relaxed, unstrained 128°
systems. All dashed lines show estimated power laws quoted in Table D.2.
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Fig. D.18. Correlation functions of ¢ in both two and three dimensions. In (a) and (b), the correlation functions of the strain-history-dependent deformation
¥ are shown. Red, blue, green lines indicate CGD, GOD-MDP, and GOD-LVP, respectively. Left: (a) is measured in relaxed, unstrained 1024* systems; Right:
(b) is measured in relaxed, unstrained 128* systems. All dashed lines show estimated power laws quoted in Table D.2.

Table D.2

Critical exponents for correlation functions of strain-history-dependent fields at stress-free states. (C.F. and Exp. represent ‘Correlation Functions’ and

‘Exponents’, respectively.)

C.F. S.T. Simulations
Climb and glide Glide only (MDP) LVP glide only (LVP)
2D (1024?) 3D (128%) 2D (1024?) 3D (128%) 2D (1024?) 3D (128%)
o T 0.65 +1.00 1.05 + 0.65 1.25 +0.60 1.20 + 0.50 0.55+1.10 1.05 + 0.65
o T 0.70 +0.95 1.10 + 0.60 1.95 + 0.05 1.75+0.15 0.50 +1.15 1.05 +0.70
o v 0.70 +0.95 1.10 + 0.60 1.95 +0.05 1.75+0.15 0.50 +1.15 1.05 +0.70
o T 1.90 +0.10 1.85+0.15 1.95+0.05 1.90 +0.10 1.95 +0.05 1.90 +0.10
E.3. Energy density spectrum
The average internal elastic energy & is written
1 1 [ e int i
/dd { o"“‘ee} =7 /ddx@ 950 — 1 e i | (E.11)
where, in an isotropic bulk medium, the elastic strain €¢ is expressed in terms of '™,
] int t
€ = 2 (o-}]‘? T véua‘" ) (E.12)
We can rewrite Eq. (E.11) in Fourier space
d'k 1 Gint v ~
k) oint(—Kk) — —— oM (k) i (—K) |. E.13
£y [ Gy PP RO R A (o (E13)
Substituting Eq. (E.9) and Eq. (E.10) into Eq. (E.13) gives
d'k 1=, .
&= /2“7277:4 n {Cmt(k) T thr(k)} (E.14)
If the stress-stress correlation functions are isotropic, we can integrate out the angle variable of Eq. (E.14)
= / dk d) a1 {cgt(k) - Tcg(k)} (E.15)
where f(d) is a constant function over the dimension d,
1/8n) d=2,
fd)={ ) g (E16)
1/(8m?) d=3.
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Fig. E.19. Stress-stress correlation functions C°(k), elastic energy spectrum E(k), correlation functions of the stress-full part of GND density C*" (k). Red,
blue, and green lines indicate CGD, GOD-MDP, and GOD-LVP, respectively. All dashed lines show estimated power laws quoted in Table E.3. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Writing the elastic energy density in terms of the energy density spectrum £(t) = [;° E(k, t)dk implies (Fig. E.19(c,d))

E(k) = f (;) K eo (k) — c” 7 (k)| (E.17)

E.4. Correlation function of the stressful part of GND density

According to Eq. (14), the stressful part of GND density is defined as
Pi(X) = s (X). (E.18)
Substituting Eq. (E.12) into Eq. (E.18) gives

1
9 = gyt (o~ 000 ). (E19)
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The complete set of rotational invariants of the correlation function of pf includes three scalar forms(Fig. E.19(e,f)):

Ch(X) = (pE(X)p5(0)), (E.20)
Cher (%) = (PE(X)pE(0)), (E21)
Chr (%) = (p5(X)pE(0)), (E.22)

where (,’f’f (x) is always zero due to p% =0
Substituting Eq. (E.19) into both Egs. (E.20) and (E.21) and applying the Fourier transform gives

=pF 1 in m m m
chk) = 4u2V8‘5'(lk)<aUt(k) T 90 t(k)) X Eipg(— zkp)< t( k) — 1 (Sq, int(_ l())

K /1 vk? 1.

4#2< O';Jm(k)o';;m( k)) *m(va%(k) am(- k)) (E23)
~ F 1 ~i v
1) = iy i) (00 2 000 ) (k) (G510 = - (o)

K /1 . 1+v)k* /1 .

4 (paraoapcto) - Lt (G o aoao ) (£24

where we make use of the equilibrium condition 9;6; = 0 and thus k;G; = 0. Substituting Eqs. (E.9) and (E.10) into Egs. (E.23)
and (E.24)

K (5, 2y =,
ctat(k) 4[12 |:cm[(k) - (] 1 v)z ctr(k):| ’ (EZS)
e K5, 1492 -,
Cher(K) = ae |:Cmr(k) - mcn(k)] : (E.26)

Here we can ignore the angle dependence if the stress-stress correlation functions are isotropic.

E.5. Scaling relations

1

According to Eq. (E.17), the term k*~' suggests that the power-law exponent relation between E and C° is

Y=y+d-1 (E.27)
Again, both Egs. (E.23) and (E.24) imply that the power-law exponent relation between ¢** and C° is
P =42, (E.28)

regardless of the dimension.
_ Table E.3 shows a nice agreement between predicted scaling and numerical measurements for power-law exponents of
C?,E, and C*". These relations are valid in the presence of residual stress.

During the relaxation processes, the elastic free energy follows a power-law decay in time asymptotically, seen in Fig. 6.
All the above measured correlation functions of elastic quantities share the same power laws in Fourier space, albeit with
decaying magnitudes in time.

Table E.3
Power-laws relations among E"(k)1 E(k), and 5/’E(k). (d represents the dimension; P.Q. and S.T. represent ‘Physical Quantities’ and ‘Scaling Theory’,
respectively.)

CF. S.T. Simulations

Climb and glide Glide only (MDP) LVP glide only (LVP)

2D (1024?) 3D (1283%) 2D (1024?) 3D (128°%) 2D (1024?) 3D (128%)
e (k) y -2.65 -3.1 -1.65 -3.0 -1.95 -3.1
e (k) y 265 -2.9 -1.65 -3.0 -1.95 -29
E(k) y+d—1 -1.65 -11 —0.65 -1.0 -0.95 -1.1
i y+2 -0.65 -1.0 0.45 -1.0 -0.05 -1.0
Ctor (k)

Eﬁ:r(k) y+2 —0.65 -1.0 0.45 -1.0 —-0.05 -0.9
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